LARGE TIME NONLINEAR DYNAMICS CLOSE TO INHOMOGENEOUS
STATIONARY STATES OF THE VLASOV-HMF MODEL

ERWAN FAOU', FREDERIC ROUSSET? AND TOORYANAND SEETOHUL?

ABSTRACT. We consider the Vlasov-HMF (Hamiltonian Mean-Field) model and symmetric per-
turbations of symmetric inhomogeneous stationary states that are naturally associated with a pen-
dulum Hamiltonian flow. We first show the existence of families of such stationary states having
compact support inside the separatrix region, constant value near the origin, and satisfying a linear
stability (Penrose) criterion. We then describe the nonlinear dynamics of small compactly sup-
ported perturbations with finite regularity of this class of equilibria. More precisely, we prove that
for large (but finite) times, in a modulated action-angle coordinate system the solution remains
close to a modulated stationary state and that the magnetization of the perturbation satisfes decay
estimates driven by the linear dynamics.

1. INTRODUCTION

For (t,z,v) € Rt xTxR, with T = R/27Z, we consider the Vlasov-HMF (Hamiltonian Mean-Field)
model given by

Of(t,m,v) + {va[f]}m’v(twv’U) =0,
(L.1) H{f](t,,0) = 5 — 9lf](t,2),

¢[f] (t,l‘) = foRCOS(x - y)f(tayv w)dydw,

f(ovwvv) = f0($7v)

where {f,g}xvv = 0, fOvg — 0pg0, f denotes the Poisson bracket and [} f(z)dx = 5= 027r f(z)dzx for

a periodic function, and f°(z,v) denotes the initial datum. This model is a toy model for plasma
particles and is a simplification of the more central Vlasov-Poisson system where we replace the
Poisson potential on the torus by a cosine interaction. It remains long-range and preserves many
underlying features of more complex kinetic equations (see [34], [14], [13], [1] and [31]).

The potential ¢[f](¢,x) in (1.1)) can be decomposed into

. . t f cos(y) f(t,y, w) dydw,
(1.2)  ¢[f](t,z) = C[f](t) cos(z) + S[f](t) sin(x), where t s Xﬂﬂi sin(y) f(t, y, w) dyduw.

We shall consider here symmetric distribution functions f ( ) f(t, —x,—v) so that S[f](t) =0
for all time, simplifying the potential to

(1.3) ¢lf](t, ) = C[f](t) cos().
The scalar quantity C[f](¢) is often called the magnetization in the HMF framework.

In this paper, we shall be interested in the asymptotic nonlinear stability of space inhomogeneous
stationary states, a property often called nonlinear Landau damping.

Nonlinear Landau damping around homogeneous stationary states on the torus is now well un-
derstood for general Vlasov equations including Vlasov Poisson since the breakthrough work of C.
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Mouhot and C. Villani [28] and the subsequent simplifications and improvements [4], [19], [25].
We also refer to [10], [7] for the related problem of the contruction of solutions with prescribed
asymptotic behavior. The recent work [25] in particular handles the critical Gevrey regularity for
Vlasov-Poisson. In general, Gevrey regularity seems necessary for nonlinear Landau damping on
the torus, [3], due to the presence of echoes (the case of negatively curved compact manifold studied
in [12] is different). Nevertheless, in the case of the HMF model on the torus, the nonlinearity can
be seen as completely non-resonant, we have obtained in [I7] nonlinear Landau damping in finite
Sobolev regularity.

Note that the case of the whole space z € R is now also well-understood for screened interactions
[5], [22], [24], [33] but still under investigation for the unscreened Vlasov-Poisson equation in di-
mension 3 where only linear results [6], [23] [29] or nonlinear results for specific equilibria with slow
decay [26] are available.

In the case of inhomogeneous states on the torus for various classes of Vlasov equations, significant
progress have been made in the study of linear stability, we can mention [16] for the HMF model,
[15], [32], [8] for the repulsive Vlasov Poisson and in the gravitational case [20], [21]. The nonlinear
Lyapounov stability of equilibria has been investigated for some classes of equilibria in [I8] for the
HMF model by using techniques developped for the gravitational Vlasov-Poisson system [27].

In the nonlinear case, the related problem of the asymptotic stability of the zero solution in an
external potential is studied in [II] for trapped particles, leading to difficulties closely related to
those encountered in the present paper, and in [30] for untrapped particles. Our aim here is
to initiate the study of the asymptotic nonlinear stability of inhomogeneous states with trapped
particles, focusing on the simplest case, namely the HMF model which is the most favorable one
for homogeneous states stability in view of the results in [15] mentioned above.

For the HMF model, inhomogeneous and symmetric stationary states n(z,v) = n(—z, —v) solve
{77, H[n]}x , = 0. To find a stationary state one can thus prescribe that

(1.4) n(z,v) = G(hy(z,v)), G:R—=R, with hy(z,v):= U; — M cos(x)

for some smooth function G for some time independent M which is the magnetization of the
stationary state. This yields a nontrivial non-homogeneous stationary state if one can then find
M > 0 such that

15 e =hune = u=cil= [

cos(a:)67<v22 - Mcos(x)) dz dv.

Some examples of stationary states are given in [16] where we have studied the linearized dynamics
which is given (again by restricting to even solutions) by

(1.6) g +{g,ha} = Clgl(t) {nm, cosx} =0, g/1—0 = go-
The main results of [I6] are on the one hand the study of the mixing properties of the linear
transport given by

(17) 8tf + {f7 hM} = 07 f/t:U = fo <~ f(ta JJ,U) = fo(QOJTJt(m?’U))

where ¢, (x,v) denotes the flow of the Hamiltonian hyy;.

@ 0) =) = |0 e | ST

This latter Hamiltonian is known to model the oscillations of a pendulum in classical mechanics. It
is completely integrable and allows for action-angle coordinates (6, a). The transformation (x,v) —
(0,a) is symplectic and preserves the Hamiltonian structure and Poisson bracket. It is defined
differently in the domains U, and Uy depicted in Figure [ and deliminated by the two separatriz
lines corresponding to the specific value hy; = M of the Hamiltonian. The point ¢ = 0 which
corresponds to hpy = —M is the center of U, (the “eye” of the pendulum). Explicit formulae for
the transformation are classical and recalled and used in [I6]. In these coordinates, the action a is
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FIGURE 1. Phase portrait of the pendulum Hamiltonian

constant on each trajectory and the flow of the Hamiltonian hyy is linear in the angle: ¢%,(6,a) =
(0 + w(a)t,a), where w(a) is the frequency function on which the motion in 6 depends. A crucial
property of w which allows for mixing properties is that w’ does not vanish. In [I6, Theorem 2.2],
we have quantified the mixing effect of this hamiltonian flow. If f(¢,z,v) is the solution of (|1.7))
and ¥ (x,v) is a smooth test function, we can identify the limit of the correlations, for ¢ > 1,

C 0
(1.8) ft,z,v)¢Y(x,v)dedv — Z Yo(a)da| < M

TxR wxc{£,0} >

where we decompose in each domain U, for * € {o,+} and express
fOla,v) Zfe e, Pr,0) =) wi(a)e
L

for a € J, an interval depending on the domain U, and 6 € [0, 27]. Here, and in the sequel, we use

the notation (t)2 = 1+#2. The right hand side C(f°,v) depends on a certain number of derivatives
0

of 0 and ¢, (typically, we need at least N > M +2 derivatives to obtain the decay estimates)

and the order of vanishing of a function g is defined by

(1.9) plg] = max{n > 1, 97,9(0,0) =0, Va, 1 < |a] < n}

with the convention that it is zero if the set in the right hand side is empty. This measures the
“flatness” of a function at (0,0) (the center or the “eye” of the pendulum). The result (1.8)
can be understood by the fact that close to (0,0), the action-angle variable degenerates to polar
type coordinate (z,v) = y/a(cos,sinf) and thus results in the emergence of a singularity in high
derivatives near a = 0. Note that this is in stark contrast with the free transport on T x R for
which the decay rate of the correlations is determined only by the regularity, in the analytic case,
the decay is exponential.

We have further obtained in [I6] that under a Penrose stability condition, that we shall recall in a
few lines, we have for smooth enough solutions of such that the orthogonality condition

Z / gO CO da =0
x€{t,0}

p[f ]+5

holds, the decay of the perturbed magnetization C[g](t) at the rate 1/(t)max( ) and as a
consequence, an L' scattering result in the sense that g(t, ¢, (z,v)) has a limit in L} , when ¢
tends to infinity.

The goal of this paper is to investigate the nonlinear large time dynamics close to inhomogeneous
stationary states. We shall focus on particles trapped inside the separatrix where the situation is
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the most different from the free transport case. We shall thus consider a class of equilibria satisfying
the following properties:

Assumption 1.1. There exists My > 0, an open interval Iy containing My and Ko € (0, My/10)
such that:

(H1) For every M € Iy, there exists a stationary solution ny(z,v) = Gar(ha(z,v)) such that
Supp (Gp) C [—M, M —Fo|, Supp (G';) C [-M + Ko, M — Fo);

(H2) The map (M,h) € Iy x R+ Gpr(h) is smooth;

(H3) The stationary state ny; satisfies the Penrose stability criterion uniformly for M € Iy:
1.10 inf |1 - K, > 0
(1.10) Imggl(r)l,MEIo’ c,m ()] = co >0,

where
Ke m(t) = ]l{tzo}/ cos(X){nar, cos(X o @y/) } . dxdv,
TxR ’

We thus consider a stationary state which is compactly supported inside the separatrix, flat close
to the origin and stable and we assume moreover that it belongs to a smooth branch of stationary
states having similar properties in a vicinity.

Our first main result is the existence of such states:

Theorem 1.2 (Compactly supported stationary state). There ezists a branch of smooth stationary
state verifying Assumption[I1.1. Moreover, they are normalized so that

(1.11) / nv(z,v)dedv =1, VM € I.
TxR

Note that the stationary states that we consider and that we shall construct here are not small
since foR Ny = 1 and not close to an homogeneous state since in the proof My will be taken close
to 1/4. The fact that these compactly supported equilibria which are not small satisfy the Penrose
stability condition on the torus T is in stark contrast with the case of homogeneous states. As
observed in [29], for compactly supported homogeneous states on the torus, the Penrose condition
does not hold except if the survival threshold defined there is strictly smaller than 1. Here we
shall consider equilibria such that though compactly supported inside the separatrix, they satisfy
G"; < 0 sufficiently close to the separatrix and then make use of the dynamics of the particles close
to the separatrix.

Our second main result deals with the nonlinear system (1.1)) with initial condition f© close to a
stationary state given by Assumption [I.I] and thus in particular the one constructed in our first
result:

Theorem 1.3. For o > 6, consider a family of steady states ny given by Assumption[1.1] and an
iniatial datum

(112) £@.0) = iy @, 0) + @), oy < 1
such that r° is even, compactly supported in {(x,v), hy,(z,v) € [—Mo-+FRo, Mo —Fo|} with Ko given
by Assumption (H1).
Then, there exists A > 0, eg > 0, C > 0 and ko € (0,%o/4] such that for every e € (0,g), the
unique global solution f(t) of (L.1) with initial datum f° can be written for t < é as

) =nm) +er(t)
where the modulated magnetization M (t) enjoys the estimate

. g2 1
Mt <A——— <t < —.
N0 <A s 0515 40
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For the magnetization of the perturbation, ((t) = C[r](t) = 2(C[f](t) — M(t)), we have the estimate

A 1

Bl < C0<t< —.

G0 < o=y 0=t o

Moreover, the solution f is such that f — np, remains compactly supported in {(z,v), hag(z,v) €
[—Mo + ko, Mo — kol}. This allows to define a twisted perturbation

t
g(t,60,0) = r(t, Dy (6 + / wirtry (@) d, a))

compactly supported in T x J for some fized interval J where ®p; is the action angle change of
variable associated with the hyy Hamiltonian inside the separatriz and wyr(a) = %hM. For this
twisted perturbation, we have the estimate

gl 1
—_— t <A 0<t< —.
<t>3 + Hg( )HHU’*4 — ’ = = CE

We shall give more explanations and definitions related to the action angle change of variable and
the modulated action angle change of variable in the next section.

Note that our result is valid for large 1/ but finite times. This is comparable to the result of
[11] obtained for the Vlasov-Poisson equation close to zero with an external Kepler potential. Our
analysis is carried out in finite regularity, it is not clear that analyticity could help to get control
over larger times the main reason is that we loose the convolution structure of the nonlinearity in
action angle coordinates so that echoes do not propagate to high frequencies. To get a description
of the dynamics in times of order 1/¢ in H? we use more than just the Lyapounov stability of the
stationary state. Indeed, an analysis relying only on that allows to get a control over times of order

1
1/eo+T in H?, here we make in addition a crucial use of the mixing properties of the underlying
flow. We also point out that without modulating the magnetization and choosing the appropriate

modulated action-angle coordinates, we can reach only 1/ e3.

One can easily deduce a modified finite time scattering result from the above decay estimates since
one can find g (0, a) such that

lg(t) = gecll . < <t>0 te[0,C/e).

This follows directly from the equation (5.27)) solved by g and the decay of ¢ and M.

Acknowledgement: This work was partly supported by the Simons collaboration on wave turbu-
lence, the ANR project KEN, ANR-22-CE40-0016, the Centre de Marthématiques Henri Lebesgue
ANR-11-LABX-0020, and the ANR projet BOURGEONS, ANR-23-CE40-0014.

2. ACTION-ANGLE COORDINATES

In this section, we recall some standard properties of the integrability of the pendulum Hamiltonian
hy = v2/2 — M cosx. The main properties useful for the study of linear Landau damping have
been carefully studied in [16]. Nevertheless, here, since we will need to modulate the magnetization
parameter of the stationary state, we have to carefully track the M dependence.

The phase space T x R is split into the three regions: for hys(z,v) the Hamiltonian given by
we have

Us={(z,0v) e TXxR| —-M < hp(z,v) < M},

Ui ={(z,v) e TxR| hpy(z,v) > M, v >0},

U_ ={(z,v) e TxR| hpy(z,v) > M, v <0},
with the set {(z,v) € T x R | hps(z,v) = M} called the separatix. The transition from physical
coordinates (z,v) € U, to action-angle coordinates (0,a) € T x J,, * € {o,+} is established using
first mixed-variable generating functions and then the transition from (h,#) to (a,#) is explicitly
calculated, see for example [16, Proposition 7.5] and [16, Proposition 7.9], they involve Jacobi
elliptic functions. Here, we are mainly interested in U,. To stress the dependence in M, we shall
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rather use the notation Uy, the corresponding interval for actions is Jyro = (0, %\/M ) and
sometimes we shall drop the o to denote the actions interval corresponding to inside the separatrix.
We then use the following notation for the change of variable:

Qrr: (0,a) €T X Iy = (x=2Mm00,a),v=0vp(0,a)) € Unmpo
Note that ®,; has analytic regularity.
Let us just recall for k € (0,1) and ¢ € (—m/2,7/2) the definition of the incomplete elliptic integrals

(2.1) E(¢ / 1 —kZ%sin(y)dy and F(¢,k) /
1— k2 sin(y
and the complete elliptic integrals by
m T
(2.2) E(k)=E (5, k) and K(k)=F (5, k:) .

We have for the map a = aps(h), which allows to go from the h variable to the action variable,

that ay;(h) = >0, for h € (—M, M) and

M B — 8V M
Ky MM =

Wy, (h)

(23)  wu(h) = [B(har(h) = (1= kas () K (e (1)

with kar(h) = /L.

We shall denote by Hjs(a) the inverse of aps so that
(2.4) ap[Hpy(a)] =a, and Hj(a) = wy(a).

A crucial property is that
(2.5) wiy(a) <0, a€ Jyp.

The Fourier expansion in € of coszs(0,a) will be important in the analysis, we set
(2.6) cosx (6, a) ZCK a)e'?.
el

For ¢ € 7, the expression in Ujz,, of the Fourier coefficients C} ,,(a) (and also the related expansions
outside the separatrix) are explicitly calculated from Jacobi Elliptic Functions as analytic functions
of the energy. We have

(2.7) Corr1,m(h) =0,
(2.8) CE v (h) = —1+2 IEé ((’Zx ((’;Z))))
5 —C° _ 272 €] q(kar ()"
(2.9) Cuaa(h) = Coppa(h) = (1) s (5= q(kM(h))NI)’ 040

for kar(h) = /5 h+ and Jacobi’s nome ¢(k) = exp(—wK(\/ 1-— kz)/K(k‘)) We again refer to [16),
Proposition 7.1] and references therein.

A useful property of these coefficients that we see on these expressions is that for £ # 0, C5, ;, does
not vanish.

We shall omit the subscript M = 1 when we deal with the quantities associated with the Hamil-
tonian h(z,v) := hy(z,v) = v?/2 — cosz. Since hy(z,v) = Mh(z,v/vVM), we have @, (z,v) =
\/715( v
Y1 T a7
ables are symplectic this diagonal linear change of variable is carried over in variable (6, a). Hence
we have

(2.10) xp(0,a) = x(6,

) and we can relate ®,; and ® in the following way: As action-angle changes of vari-

a v (6, a) a

o -

).
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Furthermore for, a € Jy,0, we also have

(2.11) Hy(a) = MH (\/‘;\7> . wir(a) = VMw (\/‘;\7> ,

which can be seen directly from (2.3)), as kyr(hM) = ki (h) and as H)y is the inverse of ajs satisfying
(2.4). For some My > 0, given by Assumption we shall be interested in functions which are
compactly supported in

(2.12) Ky = {(z,v), —Mo + ko < hpgy(x,v) < My — Ko}

for some kg > 0 slightly larger than %y provided by Assumption For M € [My — p, Mo + pl,
we observe that for p > 0 sufficiently small, we have

3 3
(2.13) K, € {(z,v), —M+% < hy SM—%},

so that Ky, can be smoothly parametrized by using any of the action angle coordinates ® .

In order to use modulation theory with respect to M, we shall use the following:

Lemma 2.1. For kg € (0, My), and Ky, defined by (2.12). Then there exists pn > 0 and an interval
l[a_,a4] such that the map:

(M,0,a) € [Mo — p, Mo+ p] x T X [a—, ay] — @p(0, a)

is analytic. Moreover, for every M € [My — p, Mo + p], the map ®pr - T X [a—,ay] — Uno is a
smooth diffeomorphism onto its image which contains Kpr, and is included in

IEMO = {(1’,1)), _MO + % S hMO(.%',’U) S MO — % .

Proof. Let us set

(Mo —F Mo+
ay =/ MoH;* (2> , a_ =/ MyH;* (2)

MO MO

so that Hy(a+) = Mo F %2. We then observe that we can find p sufficiently small so that for
every M € [My — p, My + p], we have

K, C {(z,v), hn(z,v) € Hula—, ay] = [Hu(a-), Hu(aq)]}
C{(x,v),—M—i—%ShMSM—%}.

Indeed, let us define for M close to M),

@i(M) = Hy(az) = MH (3}%) ,

Then we have 4 (Mg) = =MoF 5 and ¢ is a smooth function for M close to My. One can thus take

p > 0 sufficiently small to that (M) > M — % and @ (M) < M — " for M € [Mo — p, Mo + p]

and in a similar way ¢_ (M) < —M + ?ﬂ% and ¢ (M) > —M + “2. We can thus consider the map
(M,0,a) € [My— pu, Mo+ p] X T X [a—,as] — Ppr(0,a).

From the scaling property (2.11)), it is analytic and by construction, we have that for every M €
[Mo — p, Mo + ], ®ps is a diffeomorphism from T x [a_, ay] to its image which contains Ky, by
using (2.13)) and is contained strictly inside the separatrix. O

An important consequence of Lemma [2.1] is the following:

Remark 2.2. For a function f(x,v) supported in Kpr, and M € [My — p, Mo+ p1] , we can define
a function g defined in T X [a_,ay] by

(2.14) g(0,a) = fo®p(0,a),
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and by using Faa di Bruno formula and the previous lemma, we get that g and f have the same
regularity. In particular, f is in H® if and only if g is in H®. Moreover, we have the norm
equivalence

(215) s, =l s = (3 S0 [ 103 7ot

0<p<s LeZ

SIS

where we fit in the Fourier-0 expansion g(a,0) = ge(a)e'.
LeZ

Finally, note that by using the scaling property (2.10)), we can write

(2.16) cosz (0, a) ZC@M ettf ZC’Z(

ez LeL

)

and thus recover that the map M € [My — p, Mo + p] x [a—,ay] — Cpar(a) is analytic.

3. A USEFUL TECHNICAL LEMMA.

Before starting the proof of our main results, we shall state a useful version of the classical non-
stationary phase Lemma which allows us to get a cheap version of (|1.8)) for functions compactly
supported in Kpz,. This will be instrumental for the analysis of the decay of the magnetization.

Lemma 3.1. For every k € N and every interval [a,b] C Jyo = (0,%\/M) for every M €
[Mo — p, Mo + 1], there exists C > 0, such that the following holds: for every A € HF(R) with
compact support in |a,b],

[1TA, war] (€ \_ k||A|| Ve € R,

Hk

where

(3.1) I[A, wi](€) ::/A(a)eiéwM(a)

Proof. For k = 0, the estimate just follows from Cauchy-Schwarz so that only £ > 1 and |[¢| > 1 are
interesting to study. The crucial property is (2.5) which ensures that the phase is non-stationary.
We can thus write

gt _ 1 d [eiee(@]
i€wyy(a) da
and integrate by parts k times after replacing in the definition of I[g, ©]. yields
k ¢ k+1
-1 ' b -1 .
(3.2) A w©) =3 C )é (DY (A)eom @] U - / DF(A)e (@ da.
=1 (i€) “ 3
where (@
d { fla
D = —
() da Lw),(a)
Noticing that there is no boundary term because of the support assumption, the result easily follows
thanks to (2.5) and the smoothness of wys on the support of A. O

As an easy consequence of the above Lemma, we get the following version of [16, Theorem 2.2] for
compactly supported functions avoiding the origin.

Corollary 3.2. Let k € N*, there exists C; > 0 and Co > 0 such that for every f € H*(T x R)
with compact support in Ky, every ¢ € W (Kyy,) and every M € [My — p, Mgy + 1], we have
decomposing in action angle

g=Ffo®uy(0,a)=> gi(a)e™, (0,a)=¢oby = tya)e”

LeZ LeZ
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and using @4, the flow of the Hamiltonian hy, that

- C1
t
f(l" U)w(SOM (l‘, U))d$dv - / go(a)fﬁo(a)da < W”gHH’“(TX[a_,aH) W”Wk,oo([a_’%])
’C]WO JM
< &

Proof. 1t is a consequence of the fact that

/TXJ f (@, v)i(pyy (@, v))dwdv = Z/ ge(@)p—g(a)e™ " Dda = " I[getpe, wnr)(0).

ez LeZ

And thus by the previous Lemma and the Cauchy-Schwartz inequality, we have

C C
>~ lgrseon(0)] < 7 3 ol g 190l g < szl9l e 191 -
00 ez
The final estimate above follows from Remark 2.2 and Lemma 2.11 O

4. STABLE STATIONARY STATE WITH COMPACT SUPPORT: PROOF OF THEOREM

4.1. Existence. As already explained, for any smooth function G, we have an even stationary
state under the form

77(:1:7 U) = G(hM(x7 ’U))

for some magnetization M > 0 if one can find M > 0 solution of the equation (1.5). Allowing G to
depend on M, we can make the choice,

(2, 0) = Gar(har) = Ulknr(har)?),  kar(h) = o/ h;MM.

Note that G and ¥ are thus related through

Gar(h) =¥ <h;MM>'

With this choice, thanks to a change of variable in v, we observe that

cos(z)¥ [1 (1,2 +1- cos(a:))} dx dv

AXRcos(x)GM(hM(x,v))da:dv:/ 5 \537

TxR
2 [h+1
= Mz / cos(x)\l'[k(h(x,v))2] drdv, h(z,v)= lol® _ cosz, k(h)= i,
TxR 2 2
so that ([1.5)) reduces to
(4.1) Mz = / cos(:n)\I’[k(h(x,v))Z} dz dv.
TxR
One then easily find a large class of stationary solutions by taking any ¥ such that
/ COS(CE)\I’[k(h(l‘,’U))Q] dxdv >0
TxR
and then by choosing M defined by (4.1)). Nevertheless, this does not allow to solve the normaliza-
tion condition ([1.11)) and does not ensure the stability condition (H3), moreover, some work is still

needed to check that the condition (4.1]) is compatible with the support properties that we want.
We shall solve these issues by also allowing ¥ to depend on M.

It is first convenient to use action angle coordinates to reformulate (4.1]).
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Lemma 4.1. Let ¥ : R — R be a smooth function compactly supported in (—oo,1) . For any
given magnetization constant M, the function
2

B v I —cos(z)\ —/hy+ My 9 , _ [h+M
(4.2) nf\p(m+f)m(w)fwkm, with k() =/ =5,

defines a stationary state, with M satisfying

(4.3) var=2 /1 P(2)U(z)dz
T Jo

where P(z) is defined as

(4.4) P(z) =2E(Vz) — K(Vz), z¢€(0,1).
Moreover, we have

AT [
(4.5) /TXR n(x,v)drdv = - /0 K(V2)¥(2)dz.

Proof. Since (z,v) — ¥ [k:(h(ac, v))z] is supported in U,, we use in the right hand side of (4.1]) the
changes of variable

1
(4.6) (z,v) — (a,0) — (h,0), dxdv=dadf= o)
thanks to (2.4) and the expansion (2.6, we get

3 _ Cg(h) o it0 2 _ Q) 2
(4.7) Mz =>" </J1‘x(1,1) o) U (K*(h)) dhd@) = /1 o (k*(h)) dh

LEL

dh df,

Note that we have used the fact that non-zero modes (¢ # 0) do not contribute after integration
over . Using the expressions of the Fourier coefficients C§(h) and the expression of
w(h), we have
Co(h)
w(h)
Substituting the latter into and changing variables to z = k? = %

_ %(ZE(k(h)) ~K(k(h))) for he(-1,1).

1 1 1
VI = i/o k(2E(z3) — K (23)0(2)dz

We have thus obtained (4.3)). The integral relation (4.5)) for n(z,v) follows from

M
[ nwydedo= [ 2w (s (h?) an
TxR

~m wm(h)
and we proceed exactly as before to reach the required conclusion. O

We will construct a familly of stationary states as above by introducing an auxiliary scaling param-
eter 0 > 0, we set ns(x,v) = Gs(ha,) = \Ilg(h]\g“]\;fé), where Ws is the sum of two smooth scaled
functions with scaling laws depending on §. Roughly, the stationary state will look like a small
amplitude plateau bump function which has large support inside the separatrix, it will be almost
touching it, with another plateau function with large amplitude and small support around zero on

top of it.

Lemma 4.2. Consider ¢ € C° (R,R™") an even and non-increasing function on Ry with compact
support in (—1,1) such that ¢ has compact support in (—1,1)\{0} and we impose

/01 d(z)dz = 1.

Consider also a non-increasing function x € C° (R,R") such that 0 < x(z) < 1 for z € R and
verifying
(4.8) x(z)=1, for 2<0, x(2)=0, for 2>1, x' <0, for z€(0,1)
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Define the family of functions Vs by the relation

—11(9)
4.9 Us(z + —_—=).
(4.9) 5(2) = 5¢() ﬁ( () 1/1(5))
For 0 < 6 < 1, we fix the following parameter laws in terms of §:
(4.10) n(d)=1-6, B=206> and () =1- e 0
Then there exists d, > 0 such that for all § € (0,0,), there exist

1 1
(4.11) a=as= 1+%5+0(52) and  Ms = ; - %5+0(52),
where
1

(4.12) mi ::/ z2¢(z)dz > 0

such that Vs fulfills the conditions of the Lemmanfor ns = Us(k3, (hMé)) to define a stationary
state of the Viasov-HMF equation.

Moreover, the map § € [0,0,] — Ms € [M_,1/4] for some M_ € (0,1/4) is a smooth strictly
decreasing diffeomophism.
Let us make the following comments:

(i) Note that the hypothesis on ¢ implies that ¢ is constant near z = 0 so that ¥y is also constant
close to zero, moreover ¥s = (0 near z = 1, and Vs is non-increasing on R .

(ii) Since the map 0 — Mj is invertible one can take M as a parameter instead of d, by denoting
M — 6(M) the inverse, we thus get a stationary state

(4.13) (2, v) = sar (kar(har)?)
defined for M € [M_,1/4).

(iii) Owing to the fact that Vg(ﬁ)iul(é) = 6_6}5,20 < 2 and that for all k, 6(’;“(6_6720) < 1 for § small

enough, we easily obtain that Ws is smooth in ¢ and that for all k, £, there exists C}, ¢ such that for
all 6 > 0,

Gy

We thus have that the steady state defined by (4.13] - ) fulfills for any My € (M_,1/4) the properties
(H1) and (H2) of Assumption |1.1| by taking [y sufficiently small containing Mj.

Proof. From Lemma the magnetization condition imposes the relationship
4 (o]
VMs = / P(2)¥s(2)dz
T Jo

By definition, Ws(2) = 0 for z > v2(d), since for such z, we have 5 > Vz(gé) > 1 such that ¢ (£) =0
and VZ( )milz(s) > Z Egg gég > 1 such that x (%) = 0. Hence, we can decompose the integral
[

on the domain z € [0, 1/2( )] to have

Q@ z v2(9) zZ—v
VM;s = 1 6 (5> z)dz + / 4B/ 1/2 ) _115(1526))P(z)dz.

I ]3

From [I6l Proposition 7.1}, P(z) only has logarithmic singularity at z = 1. From formulae (900.00)
and (900.07) of [9], we have the relationship P(z) = 2E (vz) — K (Vz) = 5 — 32 4+ O(z?) for
z — 0. Similarly, we asymptotic behaviour P(z) = O (log(1 — /z)) near z = 1 which can be
applied throughout to evaluate the integrals.
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e Term I, : Substituting z = 02/, we have

A / oz gt [T (-5 + 027 a2
0

™

— o (23’"15+0(52)),

since fol d(2)dz = 1.

e Term I : We have P(z) = § 4+ O(z) when z — 0 and P(z) = O(log(1 — /z)) when z — 1
and thus P is integrable on (0,1). As 8 = 62, we have upper bound

1
|I5| < 47?/0 |P(2)|dz = O (6%) .

e Term I3 : We use P(z2) < Cllog(1 —+/2)| near z = 1, 8 = §? and ||x||ec < 1, we have
with the symbol A < B to denote the existence of a constant C' independent of ¢ such that
A< CB,

VZ((S) \/VQ((S)
15| < 6 <—/ log(1 — ﬁ)dz) < 52 (—/ log(1 — u)udu)
v1(9) V()

v2(9) AC )
<52 - _ ac r. o o
<6 ( / ol u)du> < B[~ wog(1 = w) - (1 - w)] = 00" log ).

Hence, we have
(4.15) VMs =1+ 1+ I3 =a5 (2— 3Tn15+0((52)> +O(52).

Note that we can similarly use the asymptotic limit of K(y/z) =5 (1+ % + O (2?)) from formula
(900.00) of [9] to calculate

v
/ ns(x,v)dx dv = ‘MS/ #(z K (\/ 62/) dz' + 0(8?)
TxR T 0
1 /
— 2\/M5a5/0 B(2) (1 + %Z +0 (52)> dz' + 0(6%)

where we have only considered the terms in O(J) attached to as.

The condition foR n(z,v)dezdv = 1 forces the asymptotic relationship
(4.16) 2VMsas (1+ 716 +0 (7)) + 0 (6%) =1

Consider the expansions as = ag+ 16+ O(62) and /M = co + 16 + O (6%) . Solving jointly from
the equations (4.15) and (4.16|) yields the relationships ¢y = %,cl = ", a0 = % and a1 = 7,
proving the required relationships.

The use of the implicit function Theorem and the fact that m; # 0 yields the last part of the
statement. U

4.2. Penrose criterion. In order to finish the proof of Theorem we shall prove that the
stationary state ns(z,v) given by Lemma verifies (H3) for § sufficiently small.

Lemma 4.3 (Kernel Stability Lemma). Consider for § € (0,9.) the family of stationary states ns
constructed in Lemma . Then there exists 6. € (0,0d,] such that for every § € (0,04), there
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exists co > 0 and p > 0 small enough such that

(4.17) V0" € (6 — p, 0+ pu) Ir}l%f@'l — Ke[ns)(&)] = o > 0,

with  Ke[ns)(t) = ]1{,20}/ cos(X){m,cos(X o @Xfé)}x LAz dv.
TxR ’

where 905\/15 denotes the flow of the Hamiltonian hpg(x,v) = % — Mjscosx.

By using again as stated in the last part of Lemma that & — Mjy is invertible, we then get
that for the stationary state (4.13]), (H3) in Assumption is verified for My sufficiently close to
1/4 so that Theorem is proven.

Note that by finite covering property, we can actually deduce from Lemma [£.3] that for every
d_ € (0, 8.4, the Penrose condition holds uniformly for § € [d_, d..].

Proof. In all the proof, we will consider ¢ € (0, d,) and the corresponding stationary state ns(z,v) =
s [kngy (ho(z,v))] = G5 (hagy (@, v)) obtained in Lemma .

As in the previous subsection, it is convenient to use the scaling property of 15 to express KC (5]

in terms of K¢[¥s(k?)] where k2 = (h +1)/2, h(z,v) = v?/2 — cos z,

(4.18) Ke[Ws(k?)](t) = 11]1{t20}/ cos(X){Ws(k?), cos(X 0 p™")}  dadu,
2M52 TxR

and ¢! is the Hamiltonian flow of h = v?/2 — cosx. We first observe that since ¢! is symplectic,
we have

Kelnsl(t) = ﬂ{tZO}/T RCOS(X o gpf;) {n(g,cosX)}x’vdx dv.
X

v .
= ly>0) /TXR cos(X o ¢f) IR sinz \I'g(kﬁ/lé)dx dv

hag+Ms

1
S By setting © = v/Mjy and then omitting the tilde, we then obtain

2 _
where k My =

1 1
Kelnsl(t) = 2]1{t20}/1r Rcos(X o (z, M2 v))v sin x U (k?)dx dv
X

where k% = % Finally, an elementary ODE argument based on the scaling property of the
Hamiltonian ODE solved by ¢, gives that
1

Xo goﬁwé(:c,M(;%v) =Xo goMéjt(x,v).
We thus obtain that

1

1 3 3 2
Kelosl(0) = 3Lz [ cos(X 00t (o0) Josine w(02) e do = M3 R[5 ()] (0471)
- TxR
where the last equality comes again from a symplectic change of variable.

Again by a change of variable in the definition of the Fourier transform, we thus find that

~ ~ ¢
Kclns](€) = Kc[Ws(k%)] T
My
Consequently, it is equivalent to prove (1.10]) or
(4.19) inf |1 — Ke[Ws(k2)](€)] >k > 0.

Imé&<0

We shall thus study (4.19)).
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Note that since

1 1d
{\115(k2),COS(X oo }a:,v = §\I/g(k2){h,cos(X o N}lap = T [\115(k2) cos X op )],
we can also write that
(4.20) Kelws(8))(1) = & Qe ws(k)](1)
where
(4.21) Qe[Ts ()] () = —— / ("L coscos X o - tdado — Qo.
4M6§ TxR 2

and where by using the action angle coordinates of the Hamiltonian A and the Fourier coefficients

of cosx(0,a) as in ([2.16]), we define
1

(4.22) Qo= — / W (k(a)?)|Co(a) 2 da
AMZ Ve

so that

(4.23)  Qc[Ws(k*))(

Z/ \de ( )’26—i€tw(a) da

4M : (40
Z/ \I// (a)|2€iﬁtw(a) da.
4M 52 140

The last equality is obtained by changing ¢ in —¢ and by noticing that |Cy|> = |C_|? since they
are the Fourier coefficients of a real function. We recall that J, is the interval [0, 8/7].

From, (4.20)), we then get that
1

(4.24) Ke[Us(B))(t) = —= / ito(a) Ws(k(a)?)|Cela) 2@ da,
AMg 07/

By using this expression and (4.14)), we can obtain from Lemmaa decay estimate for Kc[Ws(k?)](t).
Indeed for every 0 < §_ < d, and ¢ € (d_, d«], we have by construction that there exists an interval
Is_ included in the interior of J, such that Supp(¥o (k?)) C I5_ for every § € [§_,6.]. Moreover,
the distance of I5_ to the boundary of .J, is bounded from below by r5_ which depends only on ¢_.
On I5_, w is smooth and since Cj(a) are the Fourier coefficients of a smooth function on T x Is_,
they are smooth and fastly decaying in [. We thus obtain by using also (4.14]) that
Cs_.L

(&)
for any L > 0 and for some Cs_ 1, > 0 which is uniform for § € [0_, d,] and t.

(4.25) | Kce[Ws(k)](t)] <

Note that this proves that Kc[Ws(k?)] is an L' function and thus that its Fourier transform is well
defined by a convergent integral and is a continuous function.

Thanks to (4.14) and the same arguments, we also obtain that for every &', § € [d_, d,], we have
[Ke[Ws(k)](t) — Ke[Us ()](t)] < C5_[6" = 4.

This yields that for x> 0, sufficiently small, there exists C' > 0, such that for every 6’ € (§—p, d+p)
sup [Relws ())(€) - Kelws(W)]()] < nCs..

We thus obtain that the Penrose condition is an open condition: if (4.19) holds true for some §
then it is also true for &' € (§ — pu,d + p) for p sufficiently small (depending on §). We thus only
need to prove (4.19) for some fixed § sufficiently small. For notational convenience, we shall thus
set

Ke(t) = Ke[Us(E))(t),  Ke(€) = Ke[Ws(k))(©).
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From (4.25)), we have that K¢ is an L'function and thus, we obtain that Ke is a continuous function
on {Im¢ < 0}. Moreover, from a Riemann Lebesgue type argument, we get that

lim f{\c =0.
|€]—+00,Im£<0

This yields since K¢ is continuous that ' nllrgf% O|1 — Ke(€)| is reached and thus it suffices to prove
that 1 — K¢ (&) does not vanish for every £, Im¢ < 0.
We shall handle differently Im¢ < 0 and Im & = 0.
Case Im¢ < 0.
Thanks to , we get that for Im¢ < 0,
1

+o0 )
Ke(t)=—+) / W05 (k(a)?)|Co(a)|? / e~ ME—(a) g5 g
AMg o0 Jo 0

1 ¢
:71 7\11/ ka2 C a 2'
AM? ;/ (€ — tw(a)) 5(k(a)?)|Ce(a)]

so that we get forfz’y—i—iv' T < 0.

. o[ @]
(4.26) R KC 4M2 #ZO/ W5(k)|Ce(a)l [|fy—€w(a)]2+7'2] da,

m )Prbw ! a.
(4.27) Im K¢ (¢ 4M2 ;/ U5 (k)|Ce(a)*rlw(a )[ —Ew(a)]2+72d

Assuming that 1 — f(c(g) = 0, we get the vanishing of Im Kc(f) and of 1 — Re f(c(g). From the
vanishing of the imaginary part, we get that

/ 1 —
Z/ W5 (k2)|Cyla))*lw(a )[ —fw(a)]2+72_0

240
and plugging this identity into the real part we get that
1
1 —ReKe(€) = / U5 (k)| C(a)|*Pw(a)? da > 1
4M2 Z% |y — tw(a)|? + 72

since —W% is a nonnegative function. This yields a contradiction.

We have thus obtained that 1 — K¢ (&) does not vanish for Im & < 0.

Case Im¢ = 0.

If £ € R, we shall handle differently £ small and £ large.

From , we first observe that we can integrate by parts to get for Im¢ > 0 to get that that
i +o0

4M 6%

(4.28) Ke(€) = —Qc(0) + e Qe (t)dt = —Qc(0) + Qe (£).

By using the expression of Q¢ given by (4.21)), we can get a decay estimate with a precise dependence
2

in 6. Indeed, we can use (1.8) with f = X(v)\IJg[‘UT' + 3(1 — cosz)] cosz and ¥(z,v) = x(v) cosz

where y is a smooth compactly supported function on R which is 1 on [—2,2]. With this choice,

we have p = 1, ¢ = 1. Moreover, by using the precise quantitative version of (1.8]) stated in [16]

Theorem 2.2, we get that

Qe(0)] < 7zl W W@ Dz < 907
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where the last estimate comes from (4.14). Here C' > 0 is independent of § € (0,0,]. We thus
deduce that

sup [0c(©) < <.

Im £<0 69
We thus obtain from (4.28) that for every &, Im& < 0
. C
[Ke(©)] < 1Qc(0)] + €] 55

where C' in the right hand side is independent of £ and . By setting & = v 4 i7, we can take the
limit when 7 tends to zero and use the continuity of K¢ in {Im& < 0} to deduce that

. C
(4.29) [KeM)] < 1Qc(0)l + Il 5
where C' > 0 is independent of v and §. It remains to estimate |Q¢ (O)\
We switch to the variable k in the expression of Q¢(0) given by (4.23). Thanks to . and .,

we get
25 [ ) [ Ka
7rM§2 10

where we use the notation Cy(k) as a shorthand for Cy[a(h(k))] with h(k) = 2k — 1. Using (4.9)) we
have (as 3 = 02)

52 z—v1(6)
Ty(z) = 2/ (2) + / .
i) =520G) Lo no X Go - noe)
The first part has a support included in z = k% € (0,), the second part in z = k% € (1 —4,1) and

the function ¢’ and ' are bounded on these intervals. As a5 and M;s are uniformly bounded with

respect to J, see (4.11)), and as m < %, we can thus bound

2
Q) = Y5 / Co(k)|? K ( kdk+025/ K (k)kdk.
5750 040 1— 5

We have the expressions m (2.7) and the asymptotics (see for example [16, Proposition 7.1] and
the references therein):

1 k2
K(/{:)w%(l—i—ZkQ), k=0 ; alk) ~ 1 k=0
1 an 2
K(k)w—ﬁlog(l—k) ko1 q(k)Nl—i_log(?lTi—k) k1.

As g < 1, we have 12|n| <1 Z and thus, we deduce that

<
) i k)? K k0,
(4.30) Y |Cp(k)? < 40 Zn q(k)*" < K(k)4c[]1( _) T S C{ L ko (1),

(0

1—(] n>1

for some numerical constants C. Hence we can bound
Vs 1 .
(4.31) |Qc(0)| < C 2/ k5dk+06/ [log(1l — k)|kdk < 62,
4 N

for some constants C' independent of 4.

We thus get from (4.31)) and (4.29) that

Ke(y)| <62, |y] <.

Therefore, for ¢ sufficiently small, 1 — I?c(”y) cannot vanish for |y| < 610,
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It remains to study |y| > 6'°. We shall prove that Im K¢ does not vanish in this range of parameter.
Let us start from (4.27)) valid for 7 < 0, by changing variable to k (thus by using again (4.6) for
M = 1) we obtain:

Im Ke( UL (k) |Cy (k)| kdk
m C M2 %;/ (5 | Z )| [’7 Ew(k‘)]Q-i—TQ
and thus )
R 1 1
Im K. (0) = i — 0 (k2 2 )
wEe(0) = Tim — 3 W) ol Pt R

T—0— Mf f;ﬁo 0

By symmetry in £ in the sum, we can only consider the case v > 0. We first prove that the sum
for negative £ does not contribute to the limit Indeed we have for ¢ < 0, since w is a nonnegative

function that v — fw(a) > 7 and thus W <4 2 . Hence we can bound as

, 1
Z/ —W5(k*)|CF (k )|2T£[ T2 Rk

£<0

Il / W (k2) <Z e|Cs (k ) kdk < Cs|r|
£<0

for some Cs > 0 depending on ¢ by using again the smoothness and decay of the Cy on the support

of W%, the estimate (4.14)) and the fact that we now consider the case v > §'Y. Consequently the

left-hand side goes to zero when 7 tends to zero. We thus obtain that

. 1 1 1

4.32 Im Kc(0) = lim —W5(EH))|C7 (k) [*re

(4.3 (0) = tim. Még/o[ SDNCE (Pt

kdk

Note that in the right hand side, we now have a sum of nonpositive terms. So that, we only need to
find in the sum one term which has a strictly negative limit when 7 tends to zero. By construction,

thanks to (4.8) and (4.10), we have that U5 < 0 for k% € [11(5),v2(8)]. Thanks to (2.5),
) 1
w: ke {(1 - 5)%,(1 —2e 550)% — [cs, ds]

is a strictly decreasing diffeomorphism. By using [16, Proposition 7.1] (see also formula 900.05 of
[9]), we have

w(k) =— 1+0(1—k)], when k—1,

m [
log(1 — k)
so that we getﬂ

(4.33) 5 o w620, ds ~ —

Our goal is to be able to find for every v > 610 an even integer £, = 2p* > 2 such that y//, € [cs, ds].
Since this is equivalent to ¢, € [y/ds,v/cs], this is possible as soon as the length of this interval
which is v(1/cs — 1/ds) is bigger than 2. Since we are in the regime v > 6§10 this length is always
bigger than Ls = 6'°(1/cs — 1/ds) which depends only on §. Thanks to we have that
limg_,g Ls = +00 and thus we take J sufficiently small so that Ls > 2.

We thus now fix ¢, = 2p, > 2 (which depends on « and §) so that /¢, € [cs,ds]. This allows to
1

define v, € [(1 — é)%, (1— 26_5%)%] such that w(v*) = ~/f,. With this choice, we have ¥%(v?) < 0.

We have from (4.32) that

(4.34) Im Ke(v) < lim £,

70~

Here and in the sequel, we use A < B for A < CB where C is a constant independent of the varying parameters,
and similar convention for A > B and A ~ B
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where we set

1 [t T 1
Ly = / — W5 (E?)]|Cy, (k)2 — — kdk.
ol PO
Let us also set for notational convenience
1 1
My

Note that since Cp, does not vanish thanks to (2.9) and ' < 0, we have that F(v.) < 0. To
compute the limit, we then split

Lr 1
L, = F(v*)/ — —w'(k)dk + R,
o bl —wk)]?+ (£)?
where
R, = /1 T F(k) — F(u.)] ! W' (k) dk
o b R —wk)2+ ()2 '
By taking w as a new variable, we get
1 T 1 , U.)(O) T 1
Ty 5 Tzw(k:)dk::/ — 5 dw
/0 bl —w(k)? + (7)) 0 “Hw(vs) —wk)2 + | £
(0) — w« -
= arctan — arctan — T
KL T T—0~

To estimate R, we use that F' is smooth and that w’ does not vanish on the support of F, this
yields

w(k) — L

|F (k) — F(vi)] < Cslk —vy| < Cs Y
3 (w(0)
a 2/ ! T dw 0.
0 )w— ~ 2 T—=0~
Ly

,  Vk € Supp V5.

Therefore, by taking again w as new variable, we obtain

w(O) 1
R,| < Cs /
0

We have thus established that

v
w— -

Ly

2dw§05 Z

T
L,

-7

lim £; =7F(vy) <0

T—0~

so that Im K¢(v) cannot vanish thanks to (4.34)).

5. PROOF OF THEOREM [L. 3]

We will now start the proof of Theorem Note that for the Vlasov HMF model, the global
existence of a smooth solution is trivial. The main difficulty is to estimate the solution. We first
fix

1_
(5.1) 0 <Ko < 270

and we shall always work on an interval of time where f — 7,, is compactly supported in Ky,
defined in (2.12)). We consider p > 0 sufficiently small such that [My — u, My + pu] C Iy, Iy given
by assumption and such that for M € [Mo — pu, Mo + p, (2.13)) holds and hence

(5.2) Supp Gy C [-M, My — kg],  Supp Gy C [—Mo + ko, My — ko
thanks to the choice (j5.1).

The first step is to use modulation theory to select in a well chosen dynamical way the magnetization
parameter of the steady state.



DYNAMICS CLOSE TO INHOMOGENEOUS STATIONARY STATES OF THE VLASOV-HMF MODEL 19

5.1. Choice of the modulation parameter.

Lemma 5.1. For every Mo € (Mg — p, Mg + 1), there exists pg > 0, Co > 0 such that for every
f(z,v) € COT x R) with ||f — Mzl oo < po and such that Supp f — gz, C Ky, there exists a ct
maps f— My > 0 with

(5.3) |My — Mol < Collf — 3z, ll o

such that

(5.4) / [ ] [(f = na1y) 0 ®ar;(0,a)] Cone,(a, My) dfda = 0
Txla—,at

where [a_,ay].

Note that the condition (5.4) can be seen as an orthogonality condition in L? between the angle
average [ (f —nar)o®u(0,a)dd and Cyo(a) which is the angle average of the function cos x/(6, a)
(see (2.16])).

Proof. As usual the proof is based on the Implicit Function Theorem. We set f = n3; + g and
consider

F(g, M) = / (37, — s + 9) © @160, )] Co 11 (a) dda.

Tx[a—,a+]

We observe that F(0, M) = 0 and that F defined on U x I (where U is an open vicinity of zero
in the Banach space of CY functions compactly supported in Ky, and I is a small open interval
containing M) is a C! function thanks to Lemma Indeed, switching back to (z,v) = ®p;(0,a)
which is symplectic, we can rewrite

F(g,M) = /K [Wo(l‘,v) — v (z,v) +g(m,v)} Co,um (an(z,v)) dedo

and we see on this expression that F' is actually smooth.

We then obtain from the original definition that

Vi Onm
On F(0, o) = — / <7> o b (6,0)C, — (a)dbda.
']I‘X[af,ajL} 8M |M=M0 Mo 07M0
Next, by using that n/(z,v) = Gy (ha(z,v)), we obtain that
onm 0Gm
(55) <8M>|M:MO - (8M>|M:MO © Hyy, (a) = (G, © Hiry (@) cos
so that

(5.6) OpF(0,Mg) =

0Gm ) , 2}
- - o Hy7 (a)| Cyq7.(a) — G— o Hy7 (a) Cy77.(a)” » dida
/’JTX[a,a+] { [< oM |M=DM, MO( )‘| 07M0( ) Mo MO( ) 07M0( )
by using the Fourier series expansion (12.16]).

Next, since for every M € I given by ((1.1)), we have

M = N (x,v) cos x dxdv
TxR

we can differentiate with respect to M to get that

377M>
1= / (— (z,v) cosz dxdv.
Txr \ OM |M=Mjq
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Next, by using again (5.5) and by making the symplectic change of variable (z,v) = @y, (6,a), we
get that

0G
| :/ <7) o Her (a)} C — (a) dbda
’]I'X[af,aﬂ [ 8M ‘M:MO Mo 07M0
— / (G’M0 o Hyp, (a)) (cos z37 (6, a))* dfda.
Tx[a—,a+]
By plugging this identity into (5.6, we thus obtain that

Or F (0, M) = —(1 +/

Tx[a—,a4]

(G4, © Hag, (@) ((cos 257, (6,))* = Cy 37, (a)) deda)

:—(1+Z/T

00 X[a—,a+]
By using the computations in section in particular, (4.20]), (4.23), we obtain that

O F(0, 7o) = ~(1+ Qe 7,(0)) = ~(1 ~ Rl (0)) # 0
thanks to the Penrose criterion, where Q¢ 37,(0) := Qc[\Ilé(MO)(k:Q)}(O) is defined in (4.13]).

(o (a))) 1Cy 37, (@)]? da.

The statement then follows from the Implicit Function Theorem. O

5.2. Initialisation and bootstrap set up. Assuming that €y is smaller than pg, we can use
Lemma [5.1] at the initial time. We can thus write

fO(I,’U) = MMy, + Ro(xa U)

where RY and M fo are now such that
(5.7) /T o (R® o @, ) Conay, dfda =0 and  [My, — Mo| < Coe.
- +

For g sufficiently small this yields thanks to (5.1]) that R is compactly supported in Kgy (we shall
give more justification for this in the end of Section this is why we do not reproduce it here)
and that for some Ry > 0, we have

< RQE .

(58) 1R o <
We can thus define for the solution f(t) of (1.1)),

(5.9) T* =sup {T > 0, such that |Mjyq) — Mo| < 2Coe,

1f () = naay e lco < pos [ —mng, supported in lCMO}'
By continuity and thanks to Lemma we have that 7% > 0 and for every t € [0,T™), we can set

(510) f(t,x,v) = nM(t) +R(t,fl’,1}), M(t) = Mf(t)v
where R(t) is compactly supported in K, and such that

Tx[a—,a4]
We shall set
(5.12) M(t) = My +em(t), R(t)=er(t), tel0,TF)
and ((t) = C[r](t) so that thanks to (5.10), we have
(5.13) C[f](t) = M (t) 4+ eC(t) = Mo + em(t) + eC(t).

Note that initially, we have thanks to (5.8)), (5.2)), we have that
(5.14) |m(0)] < 200, ||7"(0)HH0+1 < Ro.
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Plugging the expansions (5.10)), (5.12)) into (1.1]), we get that r solves
(5.15) oy + Or + {r, har b e — ({nar, cosx}y p — eC{r,cosz}y, = 0.

5.3. Perturbation equations. Let us define
(516) g(t7 95 CL) = T(t7 ) ° (I>M(t) (07 CL).
Proposition 5.2. Fort € [0,T*), there exists an hamiltonian Ky (0, a) analytic in Ky, such that
g(t,0,a) solves the following equation
(5.17) 09 + {9, Hurwy (@) }o,0 — CO{T nr(r)» €08 Tar(ry Yo,0 — €C(1){G cos zar(ey }o,a

= ern{ g, Knrry }o,a — Ly,
where we have set

Lar(a) = G o Hy(a),
I (0,a) = (O Gu) o Hy — coszarGly o Hyy

Moreover, we can express ¢ as

(5.18)

(5.19) ¢(t) = / g(t,0,a) coszpy) (0, a) dida
0,a
and the constraint (5.11)) becomes
(5.20) / 3(t,0.0)Co arsy dfda = 0
Tx[a—,a4]

Note that by using (2.4]), we further have that

{9, Hyy(a)}o,a = winry(@)9pg-
We also observe that thanks to (5.20)), we have

(5.21) ()= [ att.b.a)Cu(6.0) dbda

where

(5.22) Carry (8, @) = coszpr(y) (60, a) — Co (@) = > Conrey(@)e™.
(£0

Proof. Since the change of variable (z,v) = ®y(;)(6, a) is symplectic, we deduce from the definition
(5.16)) and (5.15)) that

m(aMn) o q)Mt + (8tr) o ¢Mt + {gv HMt}G,a - C{FMta COos wMt}G,a - €C{§7 COS xMt }9,(1 =0.

Next, we observe that since nas(z,v) = Gar(har(z,v)), we have
(Onm) 0 @ar = (O Gar) 0o Hyp — cos Gy o Hy =T,
and that
(5.23) (9yr(t,-)) o Poas = 0§ — M(t)Onr®as(r) - Vaor(t,-) o Pas
= 0§ — M(t)[Xnr(ey - Vawr ()] o @arg

where the vector field X/(x,v) is defined for M € [My — p, Mo + p] by

Xnm(Par(0,a)) = 0nPasr(0,a).
We then observe that there exists an analytic K, defined in K M, such that for all function f,
(5.24) Xar - Vaof = {f Ko

Indeed, this follows from general symplectic geometry argument. Since ®,; is symplectic, we have
for every M € [My — p, Mo + p]
O, (dx A dv) = db A da,
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taking the derivative with respect to M, we get by definition of Xj; that @3, [ﬁ X, (dz A dv)] =0
where Lx stands for the Lie derivative. Therefore we have Lx,,(dx A dv) = 0. By using the Cartan
formula, we then get that

0= Lx,, (dxANdv)=d(ix,, (dx A dv)) +ix,d(dz A dv) = d(ix,,(dz A dv)),

where ix denote the interior product. The one form ix,,(dz A dv) is thus closed and thus one can
find K s defined in Kpz, up to a constant so that

ix,, (dz A dv) = dKyy.
This is equivalent to {¢, Kps}ew = Xar - Vaagp for every .
Consequently, we can use , and again that ®,; is symplectic to obtain that
[0vr(t, )] 0 ®ar = 0§ — M(E){G, Kns 0 Pas(e) }o.a-

We then conclude by setting Kys(0,a) = Ky o @y The expression (5.19)), just follows from the
definition ((t) = C[r] and a change of variable. The property (5.20) also follows from (5.11)) and a
change of variable.

Note that in the case that @, is given by a generator function S(z, a, M) such that v = 9, 5(x, a, M),
0 = 9,5(x,a, M), which is the case for the simple pendulum, we can express, up to a constant,
Ky in terms of S by

KM(eva) = 8MS(:EM(97@)7GJ’ M)a

we refer to [2] for example. This expression is another way to see the analyticity of K, since the
generator function is analytic in the case of the pendulum. U

We shall then derive a perturbation equation in twisted coordinates along the characteristics of the
modulated free transport ¢ + wys(;)Jg. It is convenient to use the notations

(5.25) o7 (0,a) = 0+ /0 Com(@) s, P(0,a) = (6F,a).
which corresponds to the characteristics of the transport operator ¢ + wy(;)J. We then set
(5.26) g(t,0,a) = g(t, P (0,a)) = r(t, @rrs) 0 B (0, a)).
We shall also use .
07 (0.0) =0~ [ wuo(a)ds. P (0.0)= (67 .0)

so that
PtJr oP, =P/ o Pt+ = Id.

Since the change of variable (6,a) — P, is symplectic, we get that g solves

(5.27)  9rg — C({Tas(rys cos zarry © Pr Yo.a — eC(t){g, coszprpy © P Yo,a
— €ﬁl{g, KM(t) O Pt+}9,a - mF]l\/[(t) o Pt+

In terms of g, by a change of variable, the expression (5.19) becomes

(5.28) C(t) = / g(t,0,a)Chrp © P dbfda
6,a

and (5.20)

(5.29) / 9(t,0,a)Co ) (a) ddda = 0.
0,a
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5.4. Set up of the a priori estimates. We consider for t € [0,7™), the quantity
o 1
(5.30) Q1) = sup ({07720 + 190 s + 59l 10 )
te[0,7] <t>

Note that for ¢ € [0,7%), r is supported in Ky, so g is supported in T X [a_,ay]| where the map
@,/ is analytic. We thus deduce from (5.14]) that we have initially

(5.31) 19°ll ;jors < C2Ro
for some Cy > 0.

For some R sufficiently large to be chosen, we can thus consider
(5.32) T = sup{T € (0,T%), Qo () < R, ¥t € [0, T1}.
5.5. Estimate of . Before turning to the estimate of @, we shall use the constraint (5.29)) to

estimate m.

Proposition 5.3. For every R > 1 in (5.32), there exists eg > 0 such that for every e € (0,&0],
we have for every t € [0,T°),

, ()]
()] < CRe (i < CR26<t>2‘7—5'

Note that as a consequence of the above estimate, by setting M. = My + em(T:), we get that

R2 2
(5.33) M. — M(t)] < @)2%

Proof. By multiplying (5.27) by Cy ps()(a), integrating in 6, @ and using the orthogonality condition
(5.29), we get that

(5.34) 1m0 ) F}W) o P;" Co pry(a) dda = —ern /0 {9, Kniqy © P }0,aCo,m 1) dfda

—e((t) {g,co8 w04y © Pt+}0,aCO,M(t) dfda — e ; 9 0mCo (1) dfda,
0,a ,a
where we have used that by change of variable and integration by parts in 6,

; {I‘M(t),cos Tar(t) © Pt+}97aCO7M(t)(a) dfda = /9 {I’M(t), cos :cM(t)}g,aC’()’M(t) (a)dfda = 0.

Next, we observe that thanks to (5.18))

/ F}\J(t) oPt+ CO7M(t)(a) dfda = /(8MGM)OHMCO7M da—/ COS $M0Pt+G/]\/[(HM)CO,M dfda

0, a 0,a

= /(aMGM) o HyConrda— [ Ghy(Hu)CG iy dfda.
a 0,a

This is exactly the expression in (5.6)), taken at M, we thus further get that
/0 Thry © B Conrey (@) dfda = 1+ Qe ay(1)(0)
,a

which does not vanish thanks to (H3), and where Q¢ ar(t) := Qc[¥ 5(M0)(k;2)](t) is defined in (4.23)).
This yields that for ¢t < T%, we have

(5.35) | / Py © B Counry(a) doda| > e > 0.
0,a
Next, we estimate the right-hand side of (5.34). We first have

(5.36) ‘am/e 901Co aro ddal < el o], < <l[R.
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Next, we observe that

/9 {g,cos sy © P }9,aCo ni(r) dOda = / g{cos zpp1) © P, Co pie) Yo,adfda

6,a

= / g{cos sy, Co nr(t) Yo,a © Pfdfda = / gy o P dida

0, 0,a

where we have set
0(0,a) = { COS T 17 (1) ’CO,M(t)}e,a = (g cos xM(t)C(,J,M(t)-
Since fa ©(0,a)df = 0, we thus get from Corollary that

1 R
(5.37) ‘/aa{g,cos 21ty © Py }0,0Co ar(r) d0da’ S WHQ@)HHJA S et

Finally, since

/e {9, Knr(ey © Py }0,0Co,ni(r) dOda = /9 9{EKn@w)> Com) Yo,a © P dda,

,a

we have
(5.38) ||| 19Kt © B YoaCongo dodal S R.
We thus get from (5.34) and (5.35)), (5-36)), (5.37), (5.39), that
. : ()]
| < eR|m| + E'R<t>074.

We thus conclude assuming that R is sufficiently small.

0

5.6. Evolution of (. By integrating in time (5.27) and by using the definition of ¢ in (5.28]), we
get that

t
(5.39) ¢(t) = / C(s)/ Lhi(s){cos () © Py, Carey © Py YdOda ds + F(t)
0 0,a

where

t
(5.40) F(t) = —5/ C(s)/ g(s){cos zpp(s) © Py, Coyqpy 0 Py }dbda ds
0 0,a

t ¢
+ 5/ m(s) / 9(s){K s o P, Car(e) © P }dOdads — / m {F}V[(S) o P, Crry © P }dOda ds
0 0,a 0 0,a

+/ q°(6, a)Care) © P dbda.
6,a

Note that since I'y; depends only on a the first term in the right-hand side of (5.39)) can be written

t
/ C(s)/ Car(sy{cos zps) © Pj,CM(t) o P;"}dfda ds
0 a

)

t t
:/ ((s)/ FM(S){cost(s),CM(t) o (P,"P;)}dfdads :/ C(s)G(t,s)ds
0 a 0

)

where the kernel G is given by
(5.41) G(t,s) = / Cos(s){cos ares), Carry © (P Py) }dlda.
0,a

We can thus rewrite ([5.39) as

t
(5.42) C@=AgwM®+ﬂw
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5.7. Linear estimates. In this section, we shall consider the equation (5.42)) for any source term
F. The goal of this subsection is to prove the following;:

Proposition 5.4. Consider the equation (5.42). For every L > 0, there exist C > 0 and §y > 0
such that for every e > 0 and every R > 1, such that eR < oy, we have for every T € [0,T¢) the
estimate

(5.43) sup ()"|¢(t)] < C sup (t)*|F(1)]
te[0,T] te[0,T]

As a starting point, by using M. defined before (5.33)), we can expand G defined in (5.41)) as
(5.44) G(t,5) = Goolt — 5) + Gy (¢, 5) + G2 (¢, 5)

where

(5.45) Goo(t —s) = / L {cosxpr,Car. o Py }dOda = / Tar{coszpr,cos . o P }dOda
0,a 6

Ne)

(5.46) G,(t,s) = /9 (Car(s) — Tar ) {cos war(e), Carqry © (B Py ) }dbda

+ /9 Tar{cos zpp(s) — coszar, Core) © (P P;)}dOda
4 /0 Dar.{coszar,, (Cary — Car.) o (P Py)} dbda
(5.47) G(t,s) = /0 Tar{coszps,Chr. o (P P;) — Cyy. 0 PE_,} dOda
and where we have S7et
(5.48) P8, a) = (0 + Twpr (a), a).

In order to prove Proposition [5.4] we shall first study the linear Volterra equation

(5.49) g(t):/o Goo(t — 5)C(s) ds + S(t), >0

for a given source term S and then handle (5.42)) perturbatively. The main result for (5.49) is the
following;:

Lemma 5.5. For every S € L®(Ry), there exists a unique solution ( € L*(R;) of (5.49).
Moreover, for every L > 0, there exists C > 0 such that for every e € (0,&0] and T > 0, we have

(5.50) sup (1)"[¢(t)] < C sup (t)"[S(#)].
te[0,7) te[0,T)

Proof. We first observe that from (5.45)), by using the symplectic change of variable (z,v) =
@)/ (6,a), we obtain that

Golt) = / na (z,v){cosx,cos X o gpﬁwa Yoo dedv = Ke ar (t)

)

where ¢4, is the flow of the Hamiltonian hyy,. The first part of the statement then follows from the
analysis of [16] Proposition 3.1, Lemma 3.2 and Corollary 3.3 i) for example. Indeed, for a smooth
stationary state, we always have that K¢ . € L'(R;) and thus the existence and uniqueness of a
bounded solution which satisfies

(5.51) 1Kl e < ClSI

follows from the Penrose condition and general properties of Volterra equation.
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To get ((5.50]), we can further use that Vny,. is compactly supported in Kyy,. Indeed by using the
2.16

expansion (2.16f), we can write

Golt) = 3 [ Gkt (@I (@)= da
k=0 a

By using Lemma [3.1] we thus get that

) 1 1 2
21/ —iktw a
‘/a‘ck,Ms(a)’ r (a)e Me ( )da‘ S <t>B ’k‘BHCkHHB(aﬂaJr)

and thus by the Bessel-Parseval identity that

1
[e'e) t < TR
90| S5 53
for every B > 1. This allows to easily get - by induction. Indeed, for L > 1, we can write
the() / Goo(t — 5)sEC(s)ds + SL(t), Sp(t / Goo(t — ) sEY¢(s) ds + tES(t).
We thus get

t
I 1S e +s0p] [ Gl = )67 = sPc(s)as)

To conclude, we observe that

Gt = ) = 81| S g (¢ = ) 4557

and thus, for B sufficiently large, we have

sup| [ Gult = )t = sP)c(e)s] £ 10F1C)

>0

We are now in position to prove Proposition [5.4]

Proof. of Proposition[5.4 By using Lemma we obtain that

(5.52) sup (F[¢(t)] < sup (HHIS(2)]
tE[O,T} tE[O,T]
where
= t 1 S S S t 2 S S S
(5.53) S(t) = F(t) + / GL(t, 5)¢(s) ds + / G2(t, 5)((s)

and G, i = 1, 2 are defined in (5.46)), (5.47).

To conclude, we shall thus study the kernels G¢, i = 1, 2.

It is then convenient for any three functions F, G, H depending only on a and for [ # 0 to use the
notation

(5.54) n,s,t[F,G,H](a):F(a)(—w(a(a)ﬂ’(a)+G’(a)H(a))+e2G(a)H(a) / wM(T)(a)dT).

By using again the expansion (2.16[), the above definition (5.54) and M. defined in (5.33)), we get
that

Gr(t,5)C(s) = Gl (¢, 5) + Gr2(t,s) + GpP (1, 5)

where using ((3.1))
. t
G (ts) = | TostCars) — Tases Conags)s Coniy e Js@me) da = > IAL g w6t — 5)),
24079 140

. t
Ave = TostlCar(s) — Dot Cona(sys Conrqpylet Js @rm=en)dr,
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. t
Gr2(t,s) = Zf/ﬁ,s,t[FME, Conr(s) — Contes Coprpy)e” Js@r@dr qg = Z I[Ag g, wnr ] (0t — 5)),
140 VO £#£0

Az = Tosa[Tar, Covasy — Conte Conrgnyle™ Js wnm=wne)dr

. t
Gt s) = Zg/ﬁ,s,t [Cates Cones Copaey — Oy e s @nnd dg = Z I[Asz g, wn ] (€t = 5)),
040 V@ 00

il f;(wM(T) —WMe )dT

Az = TostlUnae Contes Conrry — Crncle

We can thus use again Lemma to estimate the kernels Q}Z Note that by the smoothness of
cos x s with respect to (M, 6,a) in [My — p, Mo+ p] x T X [a—, a4], which contains the support of
[y for every M € [My — p, My + p], we have
1
< -
MelMoop Myt 1Certlly ooy + 100 Certllyocea_a,)y 8K R

for every B and K.
Moreover, thanks to the smoothness of w with respect to (M, a) in [My — pu, My + p] X [a—, ay], we
sup

have ,
/ Wy () dT
MG[Mo—/L,Mo—‘rp,] s

and by using in addition (5.33]), we also have that

SB |t - S|’
W52 ([a—,a4])

el f( M(T) “15) <B l
s
W B,co ([(17 ,a+]) ~ < >

sup
0<s<t<T

where this last estimate does not involve T in the right hand side.

By combining these estimates, we easily obtain that

3
{t—s) {t—s) 9 2
Al yy 5, SBK i sup |M(t) — Me| Sk Re
2 sl oo <2 S S, RN
where the last estimate relies again on ([5.33)). This yields thanks to Lemma and by choosing
K sufficiently large (K > B + 3) that

G2 (t,5)] <B Rz&iwa 1=1,2,3
for any B > 1 which finally gives
1
1 2.2
(555) |gr (t7 3)| rSB R7e W

It remains G2. From similar computations as above, we get from ([5.47) that

Gr(t,s) =Y | Thr.(@)it|Cpn, | (eif(fst (@ar(r)—wne ) AT _ 1) elt=s)wn qq
07
= I As g wn] (Ut - s))
140
where

Ay =T (a)il|Cyar.|? (eif(fﬁ(wM(T)fwMg)dr B 1) .

We shall use again Lemma To estimate the amplitude, we observe that thanks to (5.33|) and
again the regularity of wys with respect to M, we have that for every a > 0,

t t
1
| / (O onr) — wrr.) dr| o R / g SR

s
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assuming that 20 > 4. Therefore we have that

elf(fst W (T) dr—(t—s)wn, _ 1” < <€>BR252.
W (o ay]) ~

This allows to obtain from Lemma by using similar arguments as above that

1 1
[ T[Agp,nr ] (€ = 5))| S D2t —s)B
and thus that
1
2 < 2.2 -
(5.56) 19, (t:5)l Sp R = 3B

We thus get from (5.52)), (5.53) and (5.55)), (5.56) that
¢ 1 1
sup (HCO1 S sup (HFO1+ R sup (0)F [ p ds) swp (00
t€[0,7) t€[0,7) t€[0,7] o (t—s)B71(s)k t€[0,7)

Since we have for B sufficiently large (B > L + 2) that

(t)* / - L as<i
—————ds
o (t—s)Bt(s)l "~
we can get ([5.43]) assuming that Re is sufficiently small. This ends the proof O

5.8. Estimate of (. We can now consider (5.42)) with F given by (/5.40). Our goal is to prove:

Proposition 5.6. There exists Cy > 0 and C > 0 such that for every e € (0,eq], every T € [0,T7)
such that

(5.57) Co(T)R% <
we have
(5.58) Mrs-1(¢) < C(Ro + R),

where Mr,s = sup;ejo 1) ()*[C(D)]-

Proof. From Proposition we get that
(5.59) Mrs-1(¢) S Mpo-1(F),

we thus only need to estimate the right hand side.

By using (5.40|), we can split F into

(5.60) F=FR+Fo+Fn+Fr
where
(5.61) Fr = / ¢°(60,0)Casey © By ddda,
0,a
t
(5.62) Fm = —/ m {F}V[(S) o P Cprsy o P }dbda ds,
0 0,a
t
(5.63) Fi= —8/ C(s)/ g(s){coszps(s) © Py, Carqry © B }dfda ds,
0 0,a
t
(5.64) Foy = 5/0 M(s)/{9 9K n(s) © P;‘,CM(t) o P;"}dfda ds.

By expanding into Fourier series, we have

Fi(t)=>" / 92(8,@)CppryeJo M da = 37 1g0Cy pre o @rn=en) a7 o (g1,
#0772 00
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We can again use Lemma [3.1] to get by the same arguments as above that for ¢ # 0,

it [f(w —w T 1 1
TlgpCoaret o4 cong J ()] $ o ol o1 7y

and hence, we obtain by Cauchy-Schwarz that
(5.65) Mz 1(F1) S19°0 s S Ro-

In a similar way, by denoting Dy rs(a) the Fourier coefficients in 6 of the smooth, real and compactly
supported in [a_, a1 ] function I'},(#,a), we can write by using again the notation (5.54)) that

t : t
Fnlt) = /0 1(s) Y Tostll, Dyr(sys Conrgle s “u0 97 ds = /0 i(s) Y I[Av o] (£(t — 5))
040 040

where we have set .
Av = Tosa[l, Dopr(s), Coaqpylet s @rm—wae)dr,
We can thus use again Lemma [3.1] to get

[ I[Ag, war ] (0t — 5))| <5 W2 —s)B

with B arbitrarily large and hence that

t 1 t 1
Fald] S [ lilo) =g ds SR [ i e

where we have used Proposition for the last estimate. By taking B sufficiently large, this yields
(5.66) Mro1(Fm) S R

It remains to estimate F;, i =1, 2.

These are the crucial terms where echoes arise. We start with /7 which is the most difficult term.
By expanding again in Fourier series, we can write

t . . s
Filt) = —¢ / C(s) Y / Ghre(5,0) A g o art ik Iy on dads
0 040,k 7@

where as usual g, stands for the Fourier coefficients of ¢ in 6 and we have set
t
A%@(t, s,a) = ikCM(s),kcé7M(t) — ilCIQ,M(S)Cz,M(t) — Mck,M(s)Ce,M(t)/s W?\/[(T)-

By using M, defined just before (5.33]), we then write
(5.67) Fit) = > Tuelt)

040, k
where

¢ t
Tre(t) = —5/ ¢(s) /ng(s, a)Aueinks)st dads = —5/ C(9)IgseAn,e, wrr | (0t + ks) ds
0 0

a

and

t
Ap(t,s,a) = (ikck,M(s)Cé,M(t) - Z[CIIC,M(S)C&M@) - MCk,M(S)Cf,M(t)/ W§\4(T)>
% eiéf(f(wM—wME)dT—l—ikaS(wM—wME)dT.
We shall thus estimate My s_1(Jge) for £ # 0.

By using again Lemma and again thanks to the fast decay of the Fourier coefficients Cy, »s, we
obtain for every p > 0 and B > 0 that

lgwre  t=s) _  l9@)ly (=)
(bt + ks)yp (0YB(k)B ~PP (ot + ksyp (0)B(k)B’

Note that this estimate is uniform in ¢, s and k, /.

(5.68) 1[Gy Ak e, war. ] (0t + ks)| Sp,B
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To estimate My ,_1(Jk ) for £ # 0, we discuss according to the relative signs of £ and k.

e If /k > 0 (which is equivalent to ¢k > 0 or k = 0).

(5.69)

(5.70)

(5.71)

We first use (5.68)) with p = o so that for t < T°, we have

g o (t—5) (s)3 1
<gR

(bt + ks)o ()P (k)B ~7 ()71 ()P (k)P

where for the last estimate, we have used that from our bootstrap assumption, we have for
t<T®

[T [grye A e, wnr. | (0t + ks)| Sp

lg()l o < RLs)®.
Note that it is crucial for the argument that £ £ 0. We thus obtain that

Mro_1(Tie) SB ERMr o1 ds <p eRMr,_1(C)

1 toq
Ogems [,

(05 (k)P
assuming that ¢ > 6.
If 7k < 0.
We are in the regime where echoes are possible. Indeed if |k| > |¢|, for s = —¢t/k, even

for large p, the right hand side of (5.68) behaves like (1 + %)t which is very large for large
times except if £ = —k. We thus define

the = %min(—% 1).
For s <t 4, we use again (p.68) with p = o, we obtain

1 (t —s)
(OYB(k)B (bt + ks)o

T [gk0AR0, W) (0t + ks)| S R(s)?

and we observe that for s <t ¢, we have
1 < 1 '
(bt + ks)o ~ (t)e

This yields as previously,

tk.e 1 ke 1
< - -
o [ G s onn 0+ k) 5| S RM (O s | e
1

SB ERMT,U—I(C)W'

It remains s > t;,  For s >t} ¢, we use (5.68) for p = o — 4, this yields

19() froma (£ — s) < (t—s) 1

(0t + ks)e=2 (0)B(k)B ~ (0t + ks)o=* (£)B(k)B

where we have now used that for t < T, we have ||g(t)]| < R. Since k # 0, we can use
that

1[Gy oAk, war. | (0t + ks)| Sp

Ho—4
1 1
<
(0t + ks)o—4 ™~ (s — ‘%‘ tyo—4

and that ¢t — s < ¢ to obtain
t

<
s R S0 e e

Since we have [((s)| < @%’ we get for s >t ¢ that

k 0'—1)

R
IC(s)| < <t>ﬁmax <1,'€




DYNAMICS CLOSE TO INHOMOGENEOUS STATIONARY STATES OF THE VLASOV-HMF MODEL 31

Gathering the previous estimates, we then obtain that

t
(5.72) g\ ()T (g Ap.o, war.) (0 + ks) ds‘
ke
< R M1 (C) e / LI
~B (o1 To-1 (VB (k)B—o+1 |, (s — ’%‘t)a—‘l
< <t>LM (C);
~B (tyo—1 To-1 (0B (k)B—o+1
since o > 5.
By combining (5.70]) and ((5.72)), we thus get
1
(573) MT,U—l(jk,é) SB 5R<T>MT,U—1(C)

Consequently, from ((5.73)), , we obtain by summing up on k, ¢ for B sufficiently large

(5.74) Mto1(F1) S ER(T)Y M0 (C).

To end the proof of Proposition it remains to estimate F» defined in (5.64]). The estimate
follows the lines of the one of F; since the structure of Fj is very similar, we just replace ¢ by
mm which has a faster decay and the Fourier coefficients of cosz ) by the Fourier coefficients of

Ky (s) that we denote by Ky pr. Since Ky is still a given function smooth on the support of g its
Fourier coefficients still enjoy fast decay. We can expand

(5.75) Folt) = > Trult)

(40, k

where
~ t -~ . t ~
Tie(t) = —8/ m(s) /ng(S, a) A pe RO qads = —€/ 11(8) 1[Gt A0, war. ] (0t + ks) ds
0 a 0

and

" t
Ak,é(ta 5,a) = (ikKhM(s)Cé,M(t) - MK;@M(S)CZ,M(t) - MKk,M(s)Cé,M(t) / WE\/[(T))

% eiéfg(wawMg)d7'+ikf(f(wawME)dT.

In order to estimate 7, we use Proposition We can thus proceed exactly as in the estimate of
Fi. The only slight difference is in the regime ¢k < 0 for s > t;, 4. Indeed, by using Proposition
assuming that 20 — 4 > o we get instead of (5.71)) that

k
5 gt

This allows to avoid loosing the factor 7" in the final estimate. We finally obtain that
(5.76) Mg 1(F) S ERMro-1(Q).

[

)MT,O'—I(C_:)‘

We end the proof of Proposition by gathering ([5.59)), (5.60) and (5.65)), (5.66)), (5.74]), (5.76).
This yields

Mz 5-1(C) < C (R + RP%) + R*(T) Mr,o1(C)) -
We conclude by taking CR?e(T) < 1/2.
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5.9. Energy estimates. We shall finally estimate the Sobolev norms of g namely |g|| ;o and
7] pe—
Proposition 5.7. There exists C > 0 such that for every ¢ € (0,g¢)), every T € [0,T¢) satisfying

(5.57), we have the estimate

L9l 5.

||g(t)HHU—4 + U < (Ro+ R2€)€CE(RO+6R2) (1 + 6606(R0+€R2)(R0 + 67?,2)).

Proof. We shall perform energy estimates on m ) that we rewrite under the form
8tg_6C( ){.%COS:EM OP }Ga_em{gaKM OPt+}9,a:~7:

where
]:g = C(t){FM(t)7COS :Z:M(t) © Pt+}97a - mF}\J(t) o Pt+‘

For every p > 0 and |a| < p, we thus obtain that
010%g — eC(t){0%g, cos pp(p) o PYyq —em{0® 9 Ky o P Ypa=TF;+Cpyg
where for p > 1, the commutator C, 4 is given by
Cog= D Cap(eC(t){0°g,0% P (cosmrsey 0 P)}oa +em{0%9,0°7F (Kayey 0 PF)Yoa) -
181<la
Since, g is compactly supported in T X [a_, a4], we have by integration by parts that
{0%g,cos zpr(y) © P }g,0%gdoda = / {0%9, Knre) © P}g.0%gdfda =0
0,a 0,a
and hence
HaagHLZ ~ ||gHHp HCPQHLQ + ”g”Hp H'F HWp OO(TX[Q a+])

Next, we observe that for every nonnegative k and ¢, we have

(5'77) Hag(COS TM(t) © Pt+)Hka°°(T><[a,,a+]) + HKM(t) © Pt+Hwk,oo(T><[a at])

JFHF}W( OP+HWkoo (Tx[a— a+})§<t> :

Since
Fy= —C(t)F’M(t)ﬁg [cos Tpr(p) © P - mr}w(t) o P,
this yields by using (5.58) and Proposition

(5.78) L1791, < gl 1ol 5 + Nl (R + R22) 2

il

It remains to estimate C, 4.

For p = 0 — 4, we directly get that

HCU—479HL2 ~ 5”9”]{0 4 |:K( )H| cos ':UMOPtJ’_||WU*S,OO(TX[ai’CH»])_'_‘m(t)’”KM(t)OPtJr”WU*&OO('I[‘X[G‘i’CH»])

1
S ellgll oo (Ro+ 5732)@-

Therefore, we get from (5.78|) that
1

d 1
%Hg(t)”]_]o’ 4 ~ (R0+€R2) <t>2Hg(t)HHcrf4 + (R0+€R2) <t>3
This yields after integration

(5.79) lg()]| yoma S ¥ RTRI Ry + 2R2).

~
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To estimate ||| ,,,, we use (5.78) for p = 0. To estimate the commutator, we use again (5.77) and
we single out in the sum the terms with |a| — 1 > |8| > |a| — 5, this yields

ICosll 2 S (COI + ) [I9(O)] - ¢ “+1+Z||g o (572,
From the interpolation inequality

1—k
191 fo—v S HQH oallgllyot s 1<k <3,

we obtain

=

) 6 & 1-%
O 219l o S O NN goa ] T [0l ot ], 1<K <3,
and hence from the Young inequality (and since o > 5), we obtain
1Cosll o S (1S + @) (9O s B+ 98] o (B72).
We thus get from (5.78)) and by using again ([5.58)) and Proposition that

%Ilg(t)llm < (Ro +R?%)()*(1 +€llg(t)] yo—s) + £(Ro + R )< ; 519D 47

By finally using (5.79)), we get from the Gronwall inequality that
||g( )HHU < (RO + R2 ) Ce(Ro+eR?) (1 + €€CE(RO+€R2)(RO + 6R2)><t>3-
This ends the proof. O
5.10. End of the proof of Theorem [1.3] By gathering the results of Proposition [5.7]and Propo-
sition we obtain that
Qo (T) < C(Rg + R%e)eCe(Ro+=R?) [1 + eeCeRo+eR) (R 1 6732)}

for T' < T¢ as long as (5.57) is satisfied and some harmless number C' > 0. We thus fix R = 4RC
and take e sufficiently small to obtain that

Qo(T) <

By setting Ty = . We then deduce by a standard continuity argument that 7¢ = min (7™, Tp)

for T¢ defined in (5.32)) and 7™ in (5.9)). We shall finally prove that T* > T} to finish the proof.
From Proposition and (5.2)) we obtain for T € (0, min(7™, Tp))

R
>

(5.80) IM(t) ~ Mol < [M(t) ~ M(0)| + |M(0) — Mo < Coe + OR? < 200

by taking eg smaller. Moreover, thanks to (5.10)), (5.12), (5.26)), (5.16[), we have
(f() = nare)) © Parry = €g(t) o P

and thus
By using again (5.80]), this yields
(5.81) 1f(t) = manll oo SE+ER+ER?, T € (0,min(T*,Tp)).

Finally we can check our assumption on the support of f — 1y, in the definition of 7™. Since f
solves (|L.1)), we have by the method of characteristics

(582) f(t,l‘,’l)) = f0(®0,t(xvv))
where O, = (X4, Vs,t) are the backward characteristics solving

8sAXVs,t = VS,ta
0sVsi = —C[f](s)sin Xs ¢y = —(M(s) + e((s)) sin X
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with ©y¢(z,v) = (7,v). Let us set hs¢(z,v) = hps)[Os,¢(z,v)]. We get that
Dshsy = =M (s) cos(Xsr) — e((s) Ve sin X

and thus we obtain
Bohod] < [INE(s)| +€l()](1+ M (5))] +el¢ ()1

By using again ((5.58)), and Proposition we then find after integration in time that ys(z,v) =
|hsi(z,v) — hpr (@, v)| satisfies

t
Yst < eAR +/ el¢(m)|y(r) dr S eAr + R sup ys,.
s 0<s<t

for some harmless number A depending only on R. This yields for eR sufficiently small

Ysit(z,v) S eAR.

Note that this estimate is uniform in z, v and for 0 < s <t < min(7T*, 7). We have thus obtained
in particular that

|hot(z,v) = harey (2, 0)] S eAr.
By using again , we further get
|ho,t(z,v) — hagy (2, v)] S eAr.
In particular, for e sufficiently small, we can ensure that
|ho,t(z,v) — hagy (2, v)| S Ko

and thus, if hpy, (z,v) > Mo — 2k, hot(x,v) > Mo — 3ko > My — Rg. This yields using (5.82)) and
the support assumption for the initial data and the stationary state that f(¢,x,v) = 0. In a similar
way, if hay, (z,v) < —Mp + 2kg, we have hot(z,v) < —My + Kg. Moreover, since

f(ta xz, U) - nMo(xav) = nMo(GO,t(mvv)) - nMo(xa U) + ETO(GO,t(mvv))v

we deduce by the support assumption for 70 that 7°(©g(z,v)) = 0. Moreover, thanks to (H1),
N, is constant in hpr, < —Mg + Ko and thus 7z, (Qo+(x, v)) — nag, (x,v) = 0. This proves that
f(t,z,v) — nag, (x,v) vanishes if hyy, (z,v) < —Mp + 2Ko.

Since we have now established that for ¢ € (0, min(T™,Tp)), we have the estimates (5.81)),
and that f(t) — nay is compactly supported in {—My + 2ko < hp, < Mo — 2k} which is strictly
included in Kpy,, we obtain by a standard continuity argument that for € sufficiently small we must
have T > Ty. This ends the proof.

REFERENCES

[1] M. Antoni and S. Ruffo. Clustering and relaxation in hamiltonian long-range dynamics. Phys. Rev. E, 52:2361—
2374, Sep 1995.

[2] V. I. Arnold. Mathematical methods of classical mechanics, volume 60 of Graduate Texts in Mathematics.
Springer-Verlag, New York, [19897]. Translated from the 1974 Russian original by K. Vogtmann and A. We-
instein, Corrected reprint of the second (1989) edition.

[3] J. Bedrossian. Nonlinear echoes and Landau damping with insufficient regularity. Tunis. J. Math., 3(1):121-205,
2021.

[4] J. Bedrossian, N. Masmoudi, and C. Mouhot. Landau damping: paraproducts and gevrey regularity. Ann. PDE,
2(4), 2016.

[5] J. Bedrossian, N. Masmoudi, and C. Mouhot. Landau damping in finite regularity for unconfined systems with
screened interactions. Comm. Pure Appl. Math., 71(3):537-576, 2018.

[6] J. Bedrossian, N. Masmoudi, and C. Mouhot. Linearized wave-damping structure of Vlasov-Poisson in R®. STAM
J. Math. Anal., 54(4):4379-4406, 2022.

[7] D. Benedetto, E. Caglioti, A. Gagnebin, M. Iacobelli, and S. Rossi. Scattering problem for Vlasov-type equations
on the d-dimensional torus with Gevrey data. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 43(4):835-881, 2026.

[8] D. Bian, E. Grenier, W. Huang, and B. Pausader. Stability and instability of small bgk waves.
https://arziv.org/abs/2601.10030, 2026.

[9] P. F. Byrd and M. D. Friedman. Handbook of Elliptic Integrals for Engineers and Scientists. Grundlehren der
mathematischen Wissenschaften. Springer Berlin Heidelberg, Berlin, Heidelberg, 2 edition, 1971. eBook pub-
lished: 06 December 2012, Softcover ISBN: 978-3-642-65140-3, Published: 20 November 2013.



[10]

[11]

DYNAMICS CLOSE TO INHOMOGENEOUS STATIONARY STATES OF THE VLASOV-HMF MODEL 35

E. Caglioti and C. Maffei. Time asymptotics for solutions of Vlasov-Poisson equation in a circle. J. Statist. Phys.,
92(1-2):301-323, 1998.

S. Chaturvedi and J. Luk. Linear and nonlinear phase mixing for the gravitational vlasov-poisson system under
and external kepler potential, 2024. https://arxiv.org/pdf/2409.14626.

Y. Chaubet, D. Han-Kwan, and G. Riviere. Nonlinear chaotic vlasov equation. arXiv:2407.04426, 2024.

P. H. Chavanis. Lynden-bell and tsallis distributions for the hmf model. The European Physical Journal B,
53(4):487-501, Oct. 2006.

P. H. Chavanis, J. Vatteville, and F. Bouchet. Dynamics and thermodynamics of a simple model similar to
self-gravitating systems: the hmf model. The European Physical Journal B, 46(1):61-99, July 2005.

B. Després. Scattering structure and Landau damping for linearized Vlasov equations with inhomogeneous
Boltzmannian states. Ann. Henri Poincaré, 20(8):2767-2818, 2019.

E. Faou, R. Horsin, and F. Rousset. On linear damping around inhomogeneous stationary states of the Vlasov-
HMF model. J. Dynam. Differential Equations, 33(3):1531-1577, Sept. 2021.

E. Faou and F. Rousset. Landau damping in sobolev spaces for the vlasov-hmf model. Archive for Rational
Mechanics and Analysis, 219(2):887-902, July 2015.

M. Fontaine, M. Lemou, and F. Méhats. Stable ground states for the hmf poisson model. Annales de ’Institut
Henri Poincaré C, Analyse non linéaire, 36(1):217-255, 2019.

E. Grenier, T. T. Nguyen, and I. Rodnianski. Landau damping for analytic and gevrey data. Mathematical
Research Letters, 28(6):1679-1702, 2021.

M. Hadzié¢, G. Rein, M. Schrecker, and C. Straub. Damping versus oscillations for a gravitational Vlasov-Poisson
system. Arch. Ration. Mech. Anal., 249(4):Paper No. 45, 49, 2025.

M. Hadzi¢ and M. Schrecker. On quantitative linear gravitational relaxation. https://arziv.org/abs/2505.14856,
2025.

D. Han-Kwan, T. T. Nguyen, and F. Rousset. Asymptotic stability of equilibria for screened Vlasov-Poisson
systems via pointwise dispersive estimates. Ann. PDE, 7(2):Paper No. 18, 37, 2021.

D. Han-Kwan, T. T. Nguyen, and F. Rousset. On the linearized Vlasov-Poisson system on the whole space
around stable homogeneous equilibria. Comm. Math. Phys., 387(3):1405-1440, 2021.

L. Huang, Q.-H. Nguyen, and Y. Xu. Nonlinear Landau damping for the 2D Vlasov-Poisson system with massless
electrons around Penrose-stable equilibrium. STAM J. Math. Anal., 57(2):1939-1963, 2025.

A. Tonescu, B. Pausader, X. Wang, and K. Widmayer. Nonlinear landau damping and wave operators in sharp
gevrey spaces. arXiv:2405.04473, 2024.

A. D. Tonescu, B. Pausader, X. Wang, and K. Widmayer. Nonlinear Landau damping for the Vlasov-Poisson
system in R®: the Poisson equilibrium. Ann. PDE, 10(1):Paper No. 2, 78, 2024.

M. Lemou, F. Méhats, and P. Raphaél. Orbital stability of spherical galactic models. Invent. Math., 187(1):145—
194, 2012.

C. Mouhot and C. Villani. On landau damping. Acta Mathematica, 207(1):29-201, 2011.

T. T. Nguyen. Landau damping and survival threshold. J. Funct. Anal., 290(8):Paper No. 111357, 53, 2026.

B. Pausader, K. Widmayer, and J. Yang. Stability of a point charge for the repulsive Vlasov-Poisson system. J.
Eur. Math. Soc. (JEMS), 28(7):2751-2848, 2026.

C. Tsallis, A. Rapisarda, V. Latora, and F. Baldovin. Nonextensivity: from low-dimensional maps to hamiltonian
systems, 2002.

R. Weder. Asymptotic stability of BGK waves, landau damping and scattering theory. arXiv:2606.16194, 2026.
D. Wei. Nonlinear stability of the one-dimensional screened vlasov-poisson equation. arXiv:2411.13798, 2024.
Y. Y. Yamaguchi, J. Barré, F. Bouchet, T. Dauxois, and S. Ruffo. Stability criteria of the vlasov equation and
quasi-stationary states of the hmf model. Physica A: Statistical Mechanics and its Applications, 337(1-2):36-66,
June 2004.



	1. Introduction
	2. Action-Angle coordinates
	3. A useful technical Lemma.
	4. Stable stationary state with compact support: proof of Theorem 1.2
	4.1. Existence
	4.2. Penrose criterion

	5. Proof of Theorem 1.3
	5.1. Choice of the modulation parameter
	5.2. Initialisation and bootstrap set up
	5.3. Perturbation equations
	5.4. Set up of the a priori estimates
	5.5. Estimate of 
	5.6. Evolution of 
	5.7. Linear estimates
	5.8. Estimate of 
	5.9. Energy estimates
	5.10. End of the proof of Theorem 1.3 

	References

