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Abstract. We consider the Vlasov-HMF (Hamiltonian Mean-Field) model and symmetric per-
turbations of symmetric inhomogeneous stationary states that are naturally associated with a pen-
dulum Hamiltonian flow. We first show the existence of families of such stationary states having
compact support inside the separatrix region, constant value near the origin, and satisfying a linear
stability (Penrose) criterion. We then describe the nonlinear dynamics of small compactly sup-
ported perturbations with finite regularity of this class of equilibria. More precisely, we prove that
for large (but finite) times, in a modulated action-angle coordinate system the solution remains
close to a modulated stationary state and that the magnetization of the perturbation satisfes decay
estimates driven by the linear dynamics.

1. Introduction

For (t, x, v) ∈ R+×T×R, with T = R/2πZ, we consider the Vlasov-HMF (Hamiltonian Mean-Field)
model given by

(1.1)

∣∣∣∣∣∣∣∣∣
∂tf(t, x, v) +

{
f,H[f ]

}
x,v

(t, x, v) = 0,

H[f ](t, x, v) = v2

2 − ϕ[f ](t, x),
ϕ[f ](t, x) =

∫
T×R cos(x− y)f(t, y, w)dydw,

f(0, x, v) = f0(x, v)

where
{
f, g
}
x,v

= ∂xf∂vg−∂vg∂xf denotes the Poisson bracket and
∫
T f(x)dx = 1

2π

∫ 2π
0 f(x)dx for

a periodic function, and f0(x, v) denotes the initial datum. This model is a toy model for plasma
particles and is a simplification of the more central Vlasov-Poisson system where we replace the
Poisson potential on the torus by a cosine interaction. It remains long-range and preserves many
underlying features of more complex kinetic equations (see [34], [14], [13], [1] and [31]).

The potential ϕ[f ](t, x) in (1.1) can be decomposed into

(1.2) ϕ[f ](t, x) = C[f ](t) cos(x) + S[f ](t) sin(x), where
∣∣∣∣ C[f ](t) = ∫T×R cos(y)f(t, y, w) dydw,

S[f ](t) =
∫
T×R sin(y)f(t, y, w) dydw.

We shall consider here symmetric distribution functions f(t, x, v) = f(t,−x,−v) so that S[f ](t) ≡ 0
for all time, simplifying the potential to

(1.3) ϕ[f ](t, x) = C[f ](t) cos(x).
The scalar quantity C[f ](t) is often called the magnetization in the HMF framework.

In this paper, we shall be interested in the asymptotic nonlinear stability of space inhomogeneous
stationary states, a property often called nonlinear Landau damping.

Nonlinear Landau damping around homogeneous stationary states on the torus is now well un-
derstood for general Vlasov equations including Vlasov Poisson since the breakthrough work of C.
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Mouhot and C. Villani [28] and the subsequent simplifications and improvements [4], [19], [25].
We also refer to [10], [7] for the related problem of the contruction of solutions with prescribed
asymptotic behavior. The recent work [25] in particular handles the critical Gevrey regularity for
Vlasov-Poisson. In general, Gevrey regularity seems necessary for nonlinear Landau damping on
the torus, [3], due to the presence of echoes (the case of negatively curved compact manifold studied
in [12] is different). Nevertheless, in the case of the HMF model on the torus, the nonlinearity can
be seen as completely non-resonant, we have obtained in [17] nonlinear Landau damping in finite
Sobolev regularity.

Note that the case of the whole space x ∈ Rd is now also well-understood for screened interactions
[5], [22], [24], [33] but still under investigation for the unscreened Vlasov-Poisson equation in di-
mension 3 where only linear results [6], [23] [29] or nonlinear results for specific equilibria with slow
decay [26] are available.

In the case of inhomogeneous states on the torus for various classes of Vlasov equations, significant
progress have been made in the study of linear stability, we can mention [16] for the HMF model,
[15], [32], [8] for the repulsive Vlasov Poisson and in the gravitational case [20], [21]. The nonlinear
Lyapounov stability of equilibria has been investigated for some classes of equilibria in [18] for the
HMF model by using techniques developped for the gravitational Vlasov-Poisson system [27].

In the nonlinear case, the related problem of the asymptotic stability of the zero solution in an
external potential is studied in [11] for trapped particles, leading to difficulties closely related to
those encountered in the present paper, and in [30] for untrapped particles. Our aim here is
to initiate the study of the asymptotic nonlinear stability of inhomogeneous states with trapped
particles, focusing on the simplest case, namely the HMF model which is the most favorable one
for homogeneous states stability in view of the results in [15] mentioned above.

For the HMF model, inhomogeneous and symmetric stationary states η(x, v) = η(−x,−v) solve{
η,H[η]

}
x,v

= 0. To find a stationary state one can thus prescribe that

(1.4) η(x, v) = G(hM (x, v)), G : R → R, with hM (x, v) :=
v2

2
−M cos(x)

for some smooth function G for some time independent M which is the magnetization of the
stationary state. This yields a nontrivial non-homogeneous stationary state if one can then find
M > 0 such that

(1.5) H[η](x, v) = hM (x, v) ⇐⇒ M = C[η] =
∫
T×R

cos(x)G
(v2
2

−M cos(x)
)
dx dv.

Some examples of stationary states are given in [16] where we have studied the linearized dynamics
which is given (again by restricting to even solutions) by

(1.6) ∂tg + {g, hM} − C[g](t) {ηM , cosx} = 0, g/t=0 = g0.

The main results of [16] are on the one hand the study of the mixing properties of the linear
transport given by

(1.7) ∂tf + {f, hM} = 0, f/t=0 = f0 ⇐⇒ f(t, x, v) = f0(φ−t
M (x, v))

where φtM (x, v) denotes the flow of the Hamiltonian hM .

(x(t), v(t)) = φtM (x, v) ⇐⇒
∣∣∣∣ ẋ(t) = v(t)
v̇(t) = −M sinx(t)

with

∣∣∣∣ x(0) = x,
v(0) = v.

This latter Hamiltonian is known to model the oscillations of a pendulum in classical mechanics. It
is completely integrable and allows for action-angle coordinates (θ, a). The transformation (x, v) 7→
(θ, a) is symplectic and preserves the Hamiltonian structure and Poisson bracket. It is defined
differently in the domains U◦ and U± depicted in Figure 1 and deliminated by the two separatrix
lines corresponding to the specific value hM = M of the Hamiltonian. The point a = 0 which
corresponds to hM = −M is the center of U◦ (the “eye” of the pendulum). Explicit formulae for
the transformation are classical and recalled and used in [16]. In these coordinates, the action a is
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Figure 1. Phase portrait of the pendulum Hamiltonian

constant on each trajectory and the flow of the Hamiltonian hM is linear in the angle: φtM (θ, a) =
(θ + ω(a)t, a) , where ω(a) is the frequency function on which the motion in θ depends. A crucial
property of ω which allows for mixing properties is that ω′ does not vanish. In [16, Theorem 2.2],
we have quantified the mixing effect of this hamiltonian flow. If f(t, x, v) is the solution of (1.7)
and ψ(x, v) is a smooth test function, we can identify the limit of the correlations, for t ≥ 1,

(1.8)

∣∣∣∣∣∣
∫
T×R

f(t, x, v)ψ(x, v)dxdv −
∑

∗∈{±,◦}

∫
J∗

f∗0 (a)ψ
∗
0(a)da

∣∣∣∣∣∣ ≤ C(f0, ψ)

⟨t⟩
p[f0]+p[ψ]

2
+2
.

where we decompose in each domain U∗ for ∗ ∈ {◦,±} and express

f0(x, v) =
∑
ℓ

f∗ℓ (a)e
iℓθ, ψ(x, v) =

∑
ℓ

ψ∗
ℓ (a)e

iℓθ

for a ∈ J∗ an interval depending on the domain U∗ and θ ∈ [0, 2π]. Here, and in the sequel, we use
the notation ⟨t⟩2 = 1+ t2. The right hand side C(f0, ψ) depends on a certain number of derivatives

of f0 and φ, (typically, we need at least N ≥ p[f0]+p[ψ]
2 +2 derivatives to obtain the decay estimates)

and the order of vanishing of a function g is defined by

(1.9) p[g] = max{n ≥ 1, ∂αx,vg(0, 0) = 0, ∀α, 1 ≤ |α| ≤ n}
with the convention that it is zero if the set in the right hand side is empty. This measures the
“flatness” of a function at (0, 0) (the center or the “eye” of the pendulum). The result (1.8)
can be understood by the fact that close to (0, 0), the action-angle variable degenerates to polar
type coordinate (x, v) =

√
a(cos θ, sin θ) and thus results in the emergence of a singularity in high

derivatives near a = 0. Note that this is in stark contrast with the free transport on T × R for
which the decay rate of the correlations is determined only by the regularity, in the analytic case,
the decay is exponential.

We have further obtained in [16] that under a Penrose stability condition, that we shall recall in a
few lines, we have for smooth enough solutions of (1.6) such that the orthogonality condition∑

∗∈{±,◦}

∫
J∗

g∗0(a)C
∗
0 (a) da = 0

holds, the decay of the perturbed magnetization C[g](t) at the rate 1/⟨t⟩max(3,
p[f0]+5

2
) and as a

consequence, an L1 scattering result in the sense that g(t, φtM (x, v)) has a limit in L1
x,v when t

tends to infinity.

The goal of this paper is to investigate the nonlinear large time dynamics close to inhomogeneous
stationary states. We shall focus on particles trapped inside the separatrix where the situation is
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the most different from the free transport case. We shall thus consider a class of equilibria satisfying
the following properties:

Assumption 1.1. There exists M0 > 0, an open interval I0 containing M0 and κ0 ∈ (0,M0/10)
such that:

(H1) For every M ∈ I0, there exists a stationary solution ηM (x, v) = GM (hM (x, v)) such that
Supp (GM ) ⊂ [−M,M − κ0], Supp (G′

M ) ⊂ [−M + κ0,M − κ0];

(H2) The map (M,h) ∈ I0 × R 7→ GM (h) is smooth;

(H3) The stationary state ηM satisfies the Penrose stability criterion uniformly for M ∈ I0:

(1.10) inf
Im ξ≤0,M∈I0

|1− K̂C,M (ξ)| ≥ c0 > 0,

where

KC,M (t) = 1{t≥0}

∫
T×R

cos(X)
{
ηM , cos

(
X ◦ φ−t

M

)}
x,v
dx dv,

We thus consider a stationary state which is compactly supported inside the separatrix, flat close
to the origin and stable and we assume moreover that it belongs to a smooth branch of stationary
states having similar properties in a vicinity.

Our first main result is the existence of such states:

Theorem 1.2 (Compactly supported stationary state). There exists a branch of smooth stationary
state verifying Assumption 1.1. Moreover, they are normalized so that

(1.11)

∫
T×R

ηM (x, v) dx dv = 1, ∀M ∈ I0.

Note that the stationary states that we consider and that we shall construct here are not small
since

∫
T×R ηM = 1 and not close to an homogeneous state since in the proof M0 will be taken close

to 1/4. The fact that these compactly supported equilibria which are not small satisfy the Penrose
stability condition (1.10) on the torus T is in stark contrast with the case of homogeneous states. As
observed in [29], for compactly supported homogeneous states on the torus, the Penrose condition
does not hold except if the survival threshold defined there is strictly smaller than 1. Here we
shall consider equilibria such that though compactly supported inside the separatrix, they satisfy
G′
M < 0 sufficiently close to the separatrix and then make use of the dynamics of the particles close

to the separatrix.

Our second main result deals with the nonlinear system (1.1) with initial condition f0 close to a
stationary state given by Assumption 1.1 and thus in particular the one constructed in our first
result:

Theorem 1.3. For σ ≥ 6, consider a family of steady states ηM given by Assumption 1.1 and an
initial datum

(1.12) f0(x, v) = ηM0(x, v) + εr0(x, v), ∥r0∥
Hσ(T×R) ≤ 1

such that r0 is even, compactly supported in {(x, v), hM0(x, v) ∈ [−M0+κ0,M0−κ0]} with κ0 given
by Assumption 1.1, (H1).

Then, there exists Λ > 0, ε0 > 0, C > 0 and κ0 ∈ (0, κ0/4] such that for every ε ∈ (0, ε0), the
unique global solution f(t) of (1.1) with initial datum f0 can be written for t ≤ 1

Cε as

f(t) = ηM(t) + εr(t)

where the modulated magnetization M(t) enjoys the estimate

|Ṁ(t)| ≤ Λ
ε2

⟨t⟩2σ−5
, 0 ≤ t ≤ 1

Cε
.
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For the magnetization of the perturbation, ζ(t) = C[r](t) = 1
ε (C[f ](t)−M(t)), we have the estimate

|ζ(t)| ≤ Λ

⟨t⟩σ−1
, 0 ≤ t ≤ 1

Cε
.

Moreover, the solution f is such that f − ηM0 remains compactly supported in {(x, v), hM0(x, v) ∈
[−M0 + κ0,M0 − κ0]}. This allows to define a twisted perturbation

g(t, θ, a) = r(t,ΦM(t)(θ +

∫ t

0
ωM(τ)(a) dτ, a))

compactly supported in T × J for some fixed interval J where ΦM is the action angle change of
variable associated with the hM Hamiltonian inside the separatrix and ωM (a) = ∂

∂ahM . For this
twisted perturbation, we have the estimate

∥g(t)∥
Hσ

⟨t⟩3
+ ∥g(t)∥

Hσ−4 ≤ Λ, 0 ≤ t ≤ 1

Cε
.

We shall give more explanations and definitions related to the action angle change of variable and
the modulated action angle change of variable in the next section.

Note that our result is valid for large 1/ε but finite times. This is comparable to the result of
[11] obtained for the Vlasov-Poisson equation close to zero with an external Kepler potential. Our
analysis is carried out in finite regularity, it is not clear that analyticity could help to get control
over larger times the main reason is that we loose the convolution structure of the nonlinearity in
action angle coordinates so that echoes do not propagate to high frequencies. To get a description
of the dynamics in times of order 1/ε in Hσ we use more than just the Lyapounov stability of the
stationary state. Indeed, an analysis relying only on that allows to get a control over times of order

1/ε
1

σ+1 in Hσ, here we make in addition a crucial use of the mixing properties of the underlying
flow. We also point out that without modulating the magnetization and choosing the appropriate

modulated action-angle coordinates, we can reach only 1/ε
1
2 .

One can easily deduce a modified finite time scattering result from the above decay estimates since
one can find g∞(θ, a) such that

∥g(t)− g∞∥
L1 ≤ C

⟨t⟩σ−3
, t ∈ [0, C/ε].

This follows directly from the equation (5.27) solved by g and the decay of ζ and Ṁ .

Acknowledgement: This work was partly supported by the Simons collaboration on wave turbu-
lence, the ANR project KEN, ANR-22-CE40-0016, the Centre de Marthématiques Henri Lebesgue
ANR-11-LABX-0020, and the ANR projet BOURGEONS, ANR-23-CE40-0014.

2. Action-Angle coordinates

In this section, we recall some standard properties of the integrability of the pendulum Hamiltonian
hM = v2/2 −M cosx. The main properties useful for the study of linear Landau damping have
been carefully studied in [16]. Nevertheless, here, since we will need to modulate the magnetization
parameter of the stationary state, we have to carefully track the M dependence.

The phase space T×R is split into the three regions: for hM (x, v) the Hamiltonian given by (1.4)
we have ∣∣∣∣∣∣

U◦ = {(x, v) ∈ T× R | −M < hM (x, v) < M} ,
U+ = {(x, v) ∈ T× R | hM (x, v) > M, v > 0} ,
U− = {(x, v) ∈ T× R | hM (x, v) > M, v < 0} ,

with the set {(x, v) ∈ T × R | hM (x, v) = M} called the separatix. The transition from physical
coordinates (x, v) ∈ U∗ to action-angle coordinates (θ, a) ∈ T× J∗, ∗ ∈ {◦,±} is established using
first mixed-variable generating functions and then the transition from (h, θ) to (a, θ) is explicitly
calculated, see for example [16, Proposition 7.5] and [16, Proposition 7.9], they involve Jacobi
elliptic functions. Here, we are mainly interested in U◦. To stress the dependence in M , we shall
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rather use the notation UM,◦, the corresponding interval for actions is JM,◦ =
Ä
0, 8π

√
M
ä
and

sometimes we shall drop the ◦ to denote the actions interval corresponding to inside the separatrix.
We then use the following notation for the change of variable:

ΦM : (θ, a) ∈ T× JM,◦ 7→ (x = xM (θ, a), v = vM (θ, a)) ∈ UM,◦

Note that ΦM has analytic regularity.

Let us just recall for k ∈ (0, 1) and ϕ ∈ (−π/2, π/2) the definition of the incomplete elliptic integrals

(2.1) E(ϕ, k) =

∫ ϕ

0

»
1− k2 sin(y)dy and F (ϕ, k) =

∫ ϕ

0

1√
1− k2 sin(y)

dy

and the complete elliptic integrals by

(2.2) E(k) = E
(π
2
, k
)

and K(k) = F
(π
2
, k
)
.

We have for the map a = aM (h), which allows to go from the h variable to the action variable,
that a′M (h) = 1

ωM (h) > 0, for h ∈ (−M,M) and

(2.3) ωM (h) =
π
√
M

2K(kM (h))
, aM (h) =

8
√
M

π

[
E(kM (h))− (1− kM (h)2)K(kM (h))

]
with kM (h) =

»
h+M
2M .

We shall denote by HM (a) the inverse of aM so that

(2.4) aM [HM (a)] = a, and H ′
M (a) = ωM (a).

A crucial property is that

(2.5) ω′
M (a) < 0, a ∈ JM,◦.

The Fourier expansion in θ of cosxM (θ, a) will be important in the analysis, we set

(2.6) cosxM (θ, a) =
∑
ℓ∈Z

C◦
ℓ,M (a)eiℓθ.

For ℓ ∈ Z, the expression in UM,◦ of the Fourier coefficients C◦
ℓ,M (a) (and also the related expansions

outside the separatrix) are explicitly calculated from Jacobi Elliptic Functions as analytic functions
of the energy. We have

C◦
2ℓ+1,M (h) = 0,(2.7)

C◦
0,M (h) = −1 + 2

E(kM (h))

K(kM (h))
(2.8)

C◦
2ℓ,M (h) = C◦

−2ℓ,M (h) = (−1)|ℓ|
2π2

K(kM (h))2

( |ℓ| q(kM (h))|ℓ|

1− q(kM (h))2|ℓ|

)
, ℓ ̸= 0(2.9)

for kM (h) =
»

h+M
2M and Jacobi’s nome q(k) = exp

Ä
−πK(

√
1− k2)/K(k)

ä
. We again refer to [16,

Proposition 7.1] and references therein.

A useful property of these coefficients that we see on these expressions is that for ℓ ̸= 0, C◦
2ℓ,M does

not vanish.

We shall omit the subscript M = 1 when we deal with the quantities associated with the Hamil-
tonian h(x, v) := h1(x, v) = v2/2 − cosx. Since hM (x, v) = Mh(x, v/

√
M), we have φtM (x, v) =

φ
√
Mt

1 (x, v√
M
) and we can relate ΦM and Φ in the following way: As action-angle changes of vari-

ables are symplectic this diagonal linear change of variable is carried over in variable (θ, a). Hence
we have

(2.10) xM (θ, a) = x(θ,
a√
M

),
vM (θ, a)√

M
= v(θ,

a√
M

).
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Furthermore for, a ∈ JM,◦, we also have

(2.11) HM (a) =MH

Å
a√
M

ã
, ωM (a) =

√
Mω

Å
a√
M

ã
,

which can be seen directly from (2.3), as kM (hM) = k1(h) and as HM is the inverse of aM satisfying
(2.4). For some M0 > 0, given by Assumption 1.1, we shall be interested in functions which are
compactly supported in

(2.12) KM0 = {(x, v), −M0 + κ0 ≤ hM0(x, v) ≤M0 − κ0}

for some κ0 > 0 slightly larger than κ0 provided by Assumption 1.1. For M ∈ [M0 − µ,M0 + µ],
we observe that for µ > 0 sufficiently small, we have

(2.13) KM0 ⊂ {(x, v), −M +
3κ0
4

≤ hM ≤M − 3κ0
4

},

so that KM0 can be smoothly parametrized by using any of the action angle coordinates ΦM .

In order to use modulation theory with respect to M , we shall use the following:

Lemma 2.1. For κ0 ∈ (0,M0), and KM0 defined by (2.12). Then there exists µ > 0 and an interval
[a−, a+] such that the map:

(M, θ, a) ∈ [M0 − µ,M0 + µ]× T× [a−, a+] 7→ ΦM (θ, a)

is analytic. Moreover, for every M ∈ [M0 − µ,M0 + µ], the map ΦM : T × [a−, a+] 7→ UM,◦ is a
smooth diffeomorphism onto its image which contains KM0 and is included in

K̃M0 = {(x, v), −M0 +
κ0
2

≤ hM0(x, v) ≤M0 −
κ0
2
}.

Proof. Let us set

a+ =
√
M0H

−1
1

Å
M0 − κ0

2

M0

ã
, a− =

√
M0H

−1
1

Å−M0 +
κ0
2

M0

ã
so that HM0(a±) = ±M0 ∓ κ0

2 . We then observe that we can find µ sufficiently small so that for
every M ∈ [M0 − µ,M0 + µ], we have

KM0 ⊂ {(x, v), hM (x, v) ∈ HM [a−, a+] = [HM (a−), HM (a+)]}

⊂
{
(x, v), −M +

κ0
4

≤ hM ≤M − κ0
4

}
.

Indeed, let us define for M close to M0,

φ±(M) = HM (a±) =MH

Å
a±√
M

ã
.

Then we have φ±(M0) = ±M0∓ κ0
2 and φ is a smooth function forM close toM0. One can thus take

µ > 0 sufficiently small to that φ+(M) ≥M − 3κ0
4 and φ+(M) ≤M − κ0

4 for M ∈ [M0−µ,M0+µ]

and in a similar way φ−(M) ≤ −M + 3κ0
4 and φ−(M) ≥ −M + κ0

4 . We can thus consider the map

(M, θ, a) ∈ [M0 − µ,M0 + µ]× T× [a−, a+] 7→ ΦM (θ, a).

From the scaling property (2.11), it is analytic and by construction, we have that for every M ∈
[M0 − µ,M0 + µ], ΦM is a diffeomorphism from T × [a−, a+] to its image which contains KM0 by
using (2.13) and is contained strictly inside the separatrix. □

An important consequence of Lemma 2.1 is the following:

Remark 2.2. For a function f(x, v) supported in KM0 and M ∈ [M0 − µ,M0 + µ] , we can define
a function g defined in T× [a−, a+] by

(2.14) g(θ, a) = f ◦ ΦM (θ, a),
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and by using Faà di Bruno formula and the previous lemma, we get that g and f have the same
regularity. In particular, f is in Hs if and only if g is in Hs. Moreover, we have the norm
equivalence

(2.15) ∥f∥
Hs
x,v

≃ ∥g∥
Hs
θ,a

≃

Ñ ∑
0≤p≤s

∑
ℓ∈Z

⟨ℓ⟩2p
∫

|∂s−pa gℓ(a)|2
é 1

2

where we fit in the Fourier-θ expansion g(a, θ) =
∑
ℓ∈Z

gℓ(a)e
iℓθ.

Finally, note that by using the scaling property (2.10), we can write

(2.16) cosxM (θ, a) =
∑
ℓ∈Z

Cℓ,M (a) eiℓθ =
∑
ℓ∈Z

Cℓ

Å
a√
M

ã
eiℓθ

and thus recover that the map M ∈ [M0 − µ,M0 + µ]× [a−, a+] 7→ Cℓ,M (a) is analytic.

3. A useful technical Lemma.

Before starting the proof of our main results, we shall state a useful version of the classical non-
stationary phase Lemma which allows us to get a cheap version of (1.8) for functions compactly
supported in KM0 . This will be instrumental for the analysis of the decay of the magnetization.

Lemma 3.1. For every k ∈ N and every interval [a, b] ⊂ JM,◦ =
Ä
0, 8π

√
M
ä

for every M ∈
[M0 − µ,M0 + µ], there exists C > 0, such that the following holds: for every A ∈ Hk(R) with
compact support in [a, b], ∣∣I[A, ωM ](ξ)

∣∣ ≤ C

⟨ξ⟩k
∥A∥

Hk , ∀ξ ∈ R,

where

(3.1) I[A, ωM ](ξ) :=

∫
A(a)eiξωM (a)da.

Proof. For k = 0, the estimate just follows from Cauchy-Schwarz so that only k ≥ 1 and |ξ| ≥ 1 are
interesting to study. The crucial property is (2.5) which ensures that the phase is non-stationary.
We can thus write

eiξω(a) =
1

iξω′
M (a)

d

da

î
eiξω(a)

ó
.

and integrate by parts k times after replacing in the definition of I[g,Θ]. yields

I[A, ωM ](ξ) =
k∑
ℓ=1

(−1)ℓ

(iξ)ℓ

î
Dℓ−1(A)eiξωM (a)

ób
a
+

(−1)k+1

(iξ)k

∫
Dk(A)eiξω(a)da.(3.2)

where

D(f) :=
d

da

ï
f(a)

ω′
M (a)

ò
.

Noticing that there is no boundary term because of the support assumption, the result easily follows
thanks to (2.5) and the smoothness of ωM on the support of A. □

As an easy consequence of the above Lemma, we get the following version of [16, Theorem 2.2] for
compactly supported functions avoiding the origin.

Corollary 3.2. Let k ∈ N∗, there exists C1 > 0 and C2 > 0 such that for every f ∈ Hk(T × R)
with compact support in KM0, every ϕ ∈ W k,∞(KM0) and every M ∈ [M0 − µ,M0 + µ], we have
decomposing in action angle

g = f ◦ ΦM (θ, a) =
∑
ℓ∈Z

gℓ(a)e
iℓθ, ψ(θ, a) = ϕ ◦ ΦM =

∑
ℓ∈Z

ψℓ(a)e
iℓθ
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and using φtM the flow of the Hamiltonian hM , that∣∣∣∣∣
∫
KM0

f(x, v)ψ(φ−t
M (x, v))dxdv −

∫
JM

g0(a)ψ0(a)da

∣∣∣∣∣ ≤ C1

⟨t⟩k
∥g∥

Hk(T×[a−,a+])
∥ψ∥

Wk,∞([a−,a+])

≤ C2

⟨t⟩k
∥f∥

Hk ∥ψ∥Wk,∞ .

Proof. It is a consequence of the fact that∫
T×J◦

f(x, v)ψ(φ−t
M (x, v))dxdv =

∑
ℓ∈Z

∫
J◦

gℓ(a)ψ−ℓ(a)e
−itℓω(a)da =

∑
ℓ∈Z

I[gℓψℓ, ωM ](t).

And thus by the previous Lemma and the Cauchy-Schwartz inequality, we have∣∣∣∣∣∣∑ℓ̸=0

I[gℓψℓ, ωM ](t)

∣∣∣∣∣∣ ≤ C

⟨t⟩k
∑
ℓ∈Z

∥gℓ∥Hk
a
∥ψℓ∥Hk

a
≤ C

⟨t⟩k
∥g∥

Hk ∥ψ∥Hk .

The final estimate above follows from Remark 2.2 and Lemma 2.1. □

4. Stable stationary state with compact support: proof of Theorem 1.2

4.1. Existence. As already explained, for any smooth function G, we have an even stationary
state under the form

η(x, v) = G(hM (x, v))

for some magnetization M > 0 if one can find M > 0 solution of the equation (1.5). Allowing G to
depend on M , we can make the choice,

η(x, v) = GM (hM ) = Ψ(kM (hM )2), kM (h) =

…
h+M

2M
.

Note that GM and Ψ are thus related through

GM (h) = Ψ

Å
h+M

2M

ã
.

With this choice, thanks to a change of variable in v, we observe that∫
T×R

cos(x)GM (hM (x, v)) dxdv =

∫
T×R

cos(x)Ψ

ï
1

2

Å
v2

2M
+ 1− cos(x)

ãò
dx dv

=M
1
2

∫
T×R

cos(x)Ψ
[
k
(
h(x, v)

)2]
dx dv, h(x, v) =

|v|2

2
− cosx, k(h) =

…
h+ 1

2
,

so that (1.5) reduces to

(4.1) M
1
2 =

∫
T×R

cos(x)Ψ
[
k
(
h(x, v)

)2]
dx dv.

One then easily find a large class of stationary solutions by taking any Ψ such that∫
T×R

cos(x)Ψ
[
k
(
h(x, v)

)2]
dx dv > 0

and then by choosing M defined by (4.1). Nevertheless, this does not allow to solve the normaliza-
tion condition (1.11) and does not ensure the stability condition (H3), moreover, some work is still
needed to check that the condition (4.1) is compatible with the support properties that we want.
We shall solve these issues by also allowing Ψ to depend on M .

It is first convenient to use action angle coordinates to reformulate (4.1).
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Lemma 4.1. Let Ψ : R → R+ be a smooth function compactly supported in (−∞, 1) . For any
given magnetization constant M , the function

(4.2) η = Ψ
( v2

4M
+

1− cos(x)

2

)
= Ψ

(hM +M

2M

)
= Ψ(k2M ), with kM (h) =

…
h+M

2M
,

defines a stationary state, with M satisfying

(4.3)
√
M =

4

π

∫ 1

0
P (z)Ψ(z) dz

where P (z) is defined as

(4.4) P (z) = 2E(
√
z)−K(

√
z), z ∈ (0, 1).

Moreover, we have

(4.5)

∫
T×R

η(x, v) dx dv =
4
√
M

π

∫ 1

0
K(

√
z)Ψ(z)dz.

Proof. Since (x, v) 7→ Ψ
[
k
(
h(x, v)

)2]
is supported in U◦, we use in the right hand side of (4.1) the

changes of variable

(4.6) (x, v) 7→ (a, θ) 7→ (h, θ), dx dv = da dθ =
1

ω(h)
dh dθ,

thanks to (2.4) and the expansion (2.6), we get

(4.7) M
1
2 =

∑
ℓ∈Z

Ç∫
T×(−1,1)

C◦
ℓ (h)

ω(h)
eiℓθΨ

(
k2(h)

)
dhdθ

å
=

∫ 1

−1

C◦
0 (h)

ω(h)
Ψ
(
k2(h)

)
dh

Note that we have used the fact that non-zero modes (ℓ ̸= 0) do not contribute after integration
over θ. Using the expressions of the Fourier coefficients C◦

0 (h) (2.8) and the expression (2.3) of
ω(h), we have

C0(h)

ω(h)
=

2

π
(2E(k(h))−K(k(h))) for h ∈ (−1, 1).

Substituting the latter into (4.7) and changing variables to z = k2 = h+1
2

√
M =

8

π

∫ 1

0
k (2E(z

1
2 )−K(z

1
2 ))Ψ(z)dz

We have thus obtained (4.3). The integral relation (4.5) for η(x, v) follows from∫
T×R

η(x, v) dx dv =

∫ M

−M

1

ωM (h)
Ψ
(
kM (h)2

)
dh

and we proceed exactly as before to reach the required conclusion. □

We will construct a familly of stationary states as above by introducing an auxiliary scaling param-

eter δ > 0, we set ηδ(x, v) = Gδ(hMδ
) = Ψδ(

hMδ+Mδ

2Mδ
), where Ψδ is the sum of two smooth scaled

functions with scaling laws depending on δ. Roughly, the stationary state will look like a small
amplitude plateau bump function which has large support inside the separatrix, it will be almost
touching it, with another plateau function with large amplitude and small support around zero on
top of it.

Lemma 4.2. Consider ϕ ∈ C∞
c (R,R+) an even and non-increasing function on R+ with compact

support in (−1, 1) such that ϕ′ has compact support in (−1, 1)\{0} and we impose∫ 1

0
ϕ(z)dz = 1.

Consider also a non-increasing function χ ∈ C∞
c (R,R+) such that 0 ≤ χ(z) ≤ 1 for z ∈ R and

verifying

(4.8) χ(z) = 1, for z < 0, χ(z) = 0, for z > 1, χ′ < 0, for z ∈ (0, 1)
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Define the family of functions Ψδ by the relation

(4.9) Ψδ(z) =
α

δ
ϕ
(z
δ

)
+ βχ

( z − ν1(δ)

ν2(δ)− ν1(δ)

)
.

For 0 < δ ≪ 1, we fix the following parameter laws in terms of δ:

(4.10) ν1(δ) = 1− δ, β = δ2 and ν2(δ) = 1− e−δ
−20
.

Then there exists δ∗ > 0 such that for all δ ∈ (0, δ∗), there exist

(4.11) α = αδ =
1

4
+
m1

8
δ +O(δ2) and Mδ =

1

4
− m1

8
δ +O(δ2),

where

(4.12) m1 :=

∫ 1

0
zϕ(z)dz > 0

such that Ψδ fulfills the conditions of the Lemma 4.1 for ηδ = Ψδ(k
2
Mδ

(hMδ
)) to define a stationary

state of the Vlasov-HMF equation.

Moreover, the map δ ∈ [0, δ∗] 7→ Mδ ∈ [M−, 1/4] for some M− ∈ (0, 1/4) is a smooth strictly
decreasing diffeomophism.

Let us make the following comments:

(i) Note that the hypothesis on ϕ implies that ϕ is constant near z = 0 so that Ψδ is also constant
close to zero, moreover Ψδ ≡ 0 near z = 1, and Ψδ is non-increasing on R+.

(ii) Since the map δ 7→ Mδ is invertible one can take M as a parameter instead of δ, by denoting
M 7→ δ(M) the inverse, we thus get a stationary state

(4.13) ηM (x, v) = Ψδ(M)(kM (hM )2)

defined for M ∈ [M−, 1/4).

(iii) Owing to the fact that 1
ν2(δ)−ν1(δ) =

1

δ−e−δ−20 ≤ 2
δ and that for all k, ∂kδ (e

−δ−20
) ≤ 1 for δ small

enough, we easily obtain that Ψδ is smooth in δ and that for all k, ℓ, there exists Ck,ℓ such that for
all δ > 0,

(4.14) ∥∂kδ ∂ℓzΨδ(z)∥L∞ ≤
Ck,ℓ
δk+ℓ+1

We thus have that the steady state defined by (4.13) fulfills for any M0 ∈ (M−, 1/4) the properties
(H1) and (H2) of Assumption 1.1 by taking I0 sufficiently small containing M0.

Proof. From Lemma 4.1, the magnetization condition imposes the relationship√
Mδ =

4

π

∫ ∞

0
P (z)Ψδ(z)dz

By definition, Ψδ(z) = 0 for z > ν2(δ), since for such z, we have z
δ >

ν2(δ)
δ > 1 such that ϕ

(
z
δ

)
= 0

and z−ν1(δ)
ν2(δ)−ν1(δ) >

ν2(δ)−ν1(δ)
ν2(δ)−ν1(δ) > 1 such that χ

Ä
z−ν1(δ)

ν2(δ)−ν1(δ)

ä
= 0. Hence, we can decompose the integral

on the domain z ∈ [0, ν2(δ)] to have√
Mδ =

4αδ
πδ

∫ δ

0
ϕ
(z
δ

)
P (z)dz︸ ︷︷ ︸

I1

+
4β

π

∫ ν1(δ)

0
P (z)dz︸ ︷︷ ︸

I2

+
4β

π

∫ ν2(δ)

ν1(δ)
χ
( z − ν1(δ)

ν2(δ)− ν1(δ)

)
P (z)dz︸ ︷︷ ︸

I3

.

From [16, Proposition 7.1], P (z) only has logarithmic singularity at z = 1. From formulae (900.00)
and (900.07) of [9], we have the relationship P (z) = 2E (

√
z) − K (

√
z) = π

2 − 3π
8 z + O(z2) for

z → 0. Similarly, we asymptotic behaviour P (z) = O (log(1−
√
z)) near z = 1 which can be

applied throughout to evaluate the integrals.
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• Term I1 : Substituting z = δz′, we have

I1 =
4αδ
π

∫ 1

0
ϕ(z′)P (δz′)dz′ =

4αδ
π

∫ 1

0
ϕ(z′)

Å
π

2
− 3π

8
δz′ +O(δ2z′2)

ã
dz′

= αδ

Å
2− 3m1

2
δ +O

(
δ2
)ã
,

since
∫ 1
0 ϕ(z)dz = 1.

• Term I2 : We have P (z) = π
2 +O(z) when z → 0 and P (z) = O(log(1−

√
z)) when z → 1

and thus P is integrable on (0, 1). As β = δ2, we have upper bound

|I2| ≤
4β

π

∫ 1

0
|P (z)|dz = O

(
δ2
)
.

• Term I3 : We use P (z) ≤ C |log(1−
√
z)| near z = 1, β = δ2 and ∥χ∥∞ ≤ 1, we have

with the symbol A ≲ B to denote the existence of a constant C independent of δ such that
A ≤ CB,

|I3| ≲ δ2
Ç
−
∫ ν2(δ)

ν1(δ)
log
(
1−

√
z
)
dz

å
≲ δ2

(
−
∫ √

ν2(δ)

√
ν1(δ)

log(1− u)udu

)

≲ δ2

(
−
∫ √

ν2(δ)

√
ν1(δ)

log(1− u)du

)
≤ 4C

π
β
[
(1− u) log(1− u)− (1− u)

]√ν2(δ)
√
ν1(δ)

= O(δ3 log δ).

Hence, we have √
Mδ = I1 + I2 + I3 = αδ

Å
2− 3m1

2
δ +O(δ2)

ã
+O(δ2).(4.15)

Note that we can similarly use the asymptotic limit of K(
√
z) = π

2

(
1 + z

4 +O
(
z2
))

from formula
(900.00) of [9] to calculate∫

T×R
ηδ(x, v)dxdv =

4αδ
√
Mδ

π

∫ 1

0
ϕ(z′)K

Ä√
δz′
ä
dz′ +O(δ2)

= 2
√
Mδαδ

∫ 1

0
ϕ(z′)

Å
1 +

δz′

4
+O

(
δ2
)ã
dz′ +O(δ2)

where we have only considered the terms in O(δ) attached to αδ.

The condition
∫
T×R η(x, v)dxdv = 1 forces the asymptotic relationship

2
√
M δαδ

(
1 +

m1

4
δ +O

(
δ2
))

+O
(
δ2
)
= 1(4.16)

Consider the expansions αδ = α0+α1δ+O(δ2) and
√
Mδ = c0+ c1δ+O

(
δ2
)
. Solving jointly from

the equations (4.15) and (4.16) yields the relationships c0 = 1
2 , c1 = −m1

8 , α0 = 1
4 and α1 = m1

8 ,
proving the required relationships.

The use of the implicit function Theorem and the fact that m1 ̸= 0 yields the last part of the
statement. □

4.2. Penrose criterion. In order to finish the proof of Theorem 1.2, we shall prove that the
stationary state ηδ(x, v) given by Lemma 4.2 verifies (H3) for δ sufficiently small.

Lemma 4.3 (Kernel Stability Lemma). Consider for δ ∈ (0, δ∗) the family of stationary states ηδ
constructed in Lemma 4.2. Then there exists δ∗∗ ∈ (0, δ∗] such that for every δ ∈ (0, δ∗∗), there
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exists c0 > 0 and µ > 0 small enough such that

(4.17) ∀δ′ ∈ (δ − µ, δ + µ) inf
Im ξ≤0

|1− K̂C [ηδ](ξ)| ≥ c0 > 0,

with KC [ηδ](t) = 1{t≥0}

∫
T×R

cos(X)
{
ηδ, cos

Ä
X ◦ φ−t

Mδ

ä}
x,v
dx dv.

where φtMδ
denotes the flow of the Hamiltonian hMδ

(x, v) = v2

2 −Mδ cosx.

By using again as stated in the last part of Lemma 4.2. that δ 7→ Mδ is invertible, we then get
that for the stationary state (4.13), (H3) in Assumption 1.1 is verified for M0 sufficiently close to
1/4 so that Theorem 1.2 is proven.

Note that by finite covering property, we can actually deduce from Lemma 4.3 that for every
δ− ∈ (0, δ∗∗], the Penrose condition holds uniformly for δ ∈ [δ−, δ∗∗].

Proof. In all the proof, we will consider δ ∈ (0, δ∗) and the corresponding stationary state ηδ(x, v) =
Ψδ

[
kMδ

(
hδ(x, v)

)]
= Gδ (hMδ

(x, v)) obtained in Lemma 4.2.

As in the previous subsection, it is convenient to use the scaling property of ηδ to express K̂C [ηδ]

in terms of K̂C [Ψδ(k
2)] where k2 = (h+ 1)/2, h(x, v) = v2/2− cosx,

(4.18) KC [Ψδ(k
2)](t) =

1

2M
1
2
δ

1{t≥0}

∫
T×R

cos(X)
{
Ψδ(k

2), cos
(
X ◦ φ−t)}

x,v
dx dv,

and φt is the Hamiltonian flow of h = v2/2 − cosx. We first observe that since φt is symplectic,
we have

KC [ηδ](t) = 1{t≥0}

∫
T×R

cos
(
X ◦ φtδ

){
ηδ, cosX)

}
x,v
dx dv.

= 1{t≥0}

∫
T×R

cos
(
X ◦ φtδ

) v

2Mδ
sinxΨ′

δ(k
2
Mδ

)dx dv

where k2Mδ
=

hMδ+Mδ

2Mδ
. By setting ṽ = v/M

1
2
δ and then omitting the tilde, we then obtain

KC [ηδ](t) =
1

2
1{t≥0}

∫
T×R

cos

Å
X ◦ φtδ(x,M

1
2
δ v)

ã
v sinxΨ′

δ(k
2)dx dv

where k2 = h+1
2 . Finally, an elementary ODE argument based on the scaling property of the

Hamiltonian ODE solved by φtMδ
gives that

X ◦ φtMδ
(x,Mδ

1
2 v) = X ◦ φM

1
2
δ t(x, v).

We thus obtain that

KC [ηδ](t) =
1

2
1{t≥0}

∫
T×R

cos

Å
X ◦ φM

1
2
δ t(x, v)

ã
v sinxΨ′

δ(k
2)dx dv =M

1
2
δ KC [Ψδ(k

2)](M
1
2
δ t)

where the last equality comes again from a symplectic change of variable.

Again by a change of variable in the definition of the Fourier transform, we thus find that”KC [ηδ](ξ) =”KC [Ψδ(k
2)]

Ñ
ξ

M
1
2
δ

é
.

Consequently, it is equivalent to prove (1.10) or

(4.19) inf
Im ξ<0

|1−”KC [Ψδ(k
2)](ξ)| ≥ κ > 0.

We shall thus study (4.19).
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Note that since{
Ψδ(k

2), cos
(
X ◦ φ−t)}

x,v
=

1

2
Ψ′
δ(k

2){h, cos
(
X ◦ φ−t)}x,v = 1

2

d

dt

[
Ψ′
δ(k

2) cosX ◦ φ−t)
]
,

we can also write that

(4.20) KC [Ψδ(k
2)](t) =

d

dt
QC [Ψδ(k

2)](t)

where

(4.21) QC [Ψδ(k
2)](t) =

1

4M
1
2
δ

∫
T×R

Ψ′
δ

(h+ 1

2

)
cosx cosX ◦ φ−tdxdv −Q0.

and where by using the action angle coordinates of the Hamiltonian h and the Fourier coefficients
of cosx(θ, a) as in (2.16), we define

(4.22) Q0 =
1

4M
1
2
δ

∫
J◦

Ψ′
δ(k(a)

2)|C0(a)|2 da

so that

(4.23) QC [Ψδ(k
2)](t) =

1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

Ψ′
δ(k(a)

2)|Cℓ(a)|2e−iℓtω(a) da

=
1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

Ψ′
δ(k(a)

2)|Cℓ(a)|2eiℓtω(a) da.

The last equality is obtained by changing ℓ in −ℓ and by noticing that |Cℓ|2 = |C−ℓ|2 since they
are the Fourier coefficients of a real function. We recall that J◦ is the interval [0, 8/π].

From, (4.20), we then get that

(4.24) KC [Ψδ(k
2)](t) =

1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

iℓω(a)Ψ′
δ(k(a)

2)|Cℓ(a)|2eiℓtω(a) da.

By using this expression and (4.14), we can obtain from Lemma 3.1 a decay estimate forKC [Ψδ(k
2)](t).

Indeed for every 0 < δ− < δ∗ and δ ∈ (δ−, δ∗], we have by construction that there exists an interval
Iδ− included in the interior of J◦ such that Supp(Ψ′

δ ◦ (k2)) ⊂ Iδ− for every δ ∈ [δ−, δ∗]. Moreover,
the distance of Iδ− to the boundary of J◦ is bounded from below by rδ− which depends only on δ−.
On Iδ− , ω is smooth and since Cl(a) are the Fourier coefficients of a smooth function on T × Iδ− ,
they are smooth and fastly decaying in l. We thus obtain by using also (4.14) that

(4.25) |KC [Ψδ(k
2)](t)| ≤

Cδ−,L

⟨t⟩L
,

for any L ≥ 0 and for some Cδ−,L > 0 which is uniform for δ ∈ [δ−, δ∗] and t.

Note that this proves that KC [Ψδ(k
2)] is an L1 function and thus that its Fourier transform is well

defined by a convergent integral and is a continuous function.

Thanks to (4.14) and the same arguments, we also obtain that for every δ′, δ ∈ [δ−, δ∗], we have

|KC [Ψδ(k
2)](t)−KC [Ψδ′(k

2)](t)| ≤ Cδ− |δ′ − δ|.
This yields that for µ > 0, sufficiently small, there exists C > 0, such that for every δ′ ∈ (δ−µ, δ+µ)

sup
Im ξ≤0

∣∣∣”KC [Ψδ′(k
2)](ξ)−”KC [Ψδ(k

2)](ξ)
∣∣∣ ≤ µCδ− .

We thus obtain that the Penrose condition is an open condition: if (4.19) holds true for some δ
then it is also true for δ′ ∈ (δ − µ, δ + µ) for µ sufficiently small (depending on δ). We thus only
need to prove (4.19) for some fixed δ sufficiently small. For notational convenience, we shall thus
set

KC(t) = KC [Ψδ(k
2)](t), ”KC(ξ) =”KC [Ψδ(k

2)](ξ).



DYNAMICS CLOSE TO INHOMOGENEOUS STATIONARY STATES OF THE VLASOV-HMF MODEL 15

From (4.25), we have that KC is an L1function and thus, we obtain that “KC is a continuous function
on {Im ξ ≤ 0}. Moreover, from a Riemann Lebesgue type argument, we get that

lim
|ξ|→+∞, Im ξ≤0

“KC = 0.

This yields since “KC is continuous that inf
Im ξ≤0

|1 − K̂C(ξ)| is reached and thus it suffices to prove

that 1− K̂C(ξ) does not vanish for every ξ, Im ξ ≤ 0.

We shall handle differently Im ξ < 0 and Im ξ = 0.

Case Im ξ < 0.

Thanks to (4.24), we get that for Im ξ < 0,

KC(t) =
1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

iℓΨ′
δ(k(a)

2)|Cℓ(a)|2
∫ +∞

0
e−it(ξ−ℓω(a)) ds da

=
1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

ℓ

(ξ − ℓω(a))
Ψ′
δ(k(a)

2)|Cℓ(a)|2.

so that we get for ξ = γ + iτ, τ < 0.

Re K̂C(ξ) =
1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

Ψ′
δ(k)|Cℓ(a)|2

ï
(γ − ℓω(a))ℓω(a)

|γ − ℓω(a)|2 + τ2

ò
da,(4.26)

Im K̂C(ξ) = − 1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

Ψ′
δ(k)|Cℓ(a)|2τℓω(a)

1

[γ − ℓω(a)]2 + τ2
da.(4.27)

Assuming that 1 − K̂C(ξ) = 0, we get the vanishing of Im K̂C(ξ) and of 1 − Re K̂C(ξ). From the
vanishing of the imaginary part, we get that∑

ℓ̸=0

∫
J◦

Ψ′
δ(k

2)|Cℓ(a)|2ℓω(a)
1

[γ − ℓω(a)]2 + τ2
= 0

and plugging this identity into the real part we get that

1− Re K̂C(ξ) = 1− 1

4M
1
2
δ

∑
ℓ̸=0

∫
J◦

Ψ′
δ(k

2)|Cℓ(a)|2ℓ2ω(a)2
ï

1

|γ − ℓω(a)|2 + τ2

ò
da ≥ 1

since −Ψ′
δ is a nonnegative function. This yields a contradiction.

We have thus obtained that 1− K̂C(ξ) does not vanish for Im ξ < 0.

Case Im ξ = 0.

If ξ ∈ R, we shall handle differently ξ small and ξ large.

From (4.20), we first observe that we can integrate by parts to get for Im ξ > 0 to get that that

K̂C(ξ) = −QC(0) +
iξ

4M
1
2
δ

∫ +∞

0
e−itξQC(t)dt = −QC(0) + iξ“QC(ξ).(4.28)

By using the expression ofQC given by (4.21), we can get a decay estimate with a precise dependence

in δ. Indeed, we can use (1.8) with f = χ(v)Ψ′
δ

[ |v|2
4 + 1

2(1 − cosx)
]
cosx and ψ(x, v) = χ(v) cosx

where χ is a smooth compactly supported function on R which is 1 on [−2, 2]. With this choice,
we have p = 1, q = 1. Moreover, by using the precise quantitative version of (1.8) stated in [16]
Theorem 2.2, we get that

|QC(t)| ≤
C

⟨t⟩3
∥Ψ′

δ[k
2(h)](x, v)∥

W 7,∞
x,v

≤ C

δ9⟨t⟩3
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where the last estimate comes from (4.14). Here C > 0 is independent of δ ∈ (0, δ∗]. We thus
deduce that

sup
Im ξ≤0

|“QC(ξ)| ≤
C

δ9
.

We thus obtain from (4.28) that for every ξ, Im ξ < 0

|K̂C(ξ)| ≤ |QC(0)|+ |ξ|C
δ9

where C in the right hand side is independent of ξ and δ. By setting ξ = γ + iτ , we can take the
limit when τ tends to zero and use the continuity of K̂C in {Im ξ ≤ 0} to deduce that

(4.29) |K̂C(γ)| ≤ |QC(0)|+ |γ|C
δ9

where C > 0 is independent of γ and δ. It remains to estimate |QC(0)|.

We switch to the variable k in the expression of QC(0) given by (4.23). Thanks to (4.6) and (2.3),
we get

QC(0) =
2

πM
1
2
δ

∑
ℓ̸=0

∫ 1

0
Ψ′
δ

(
k2
)
|Cℓ(k)|2K(k)kdk

where we use the notation Cℓ(k) as a shorthand for Cℓ[a(h(k))] with h(k) = 2k− 1. Using (4.9) we
have (as β = δ2)

Ψ′
δ(z) =

αδ
δ2
ϕ′
(z
δ

)
+

δ2

ν2(δ)− ν1(δ)
χ′( z − ν1(δ)

ν2(δ)− ν1(δ)

)
.

The first part has a support included in z = k2 ∈ (0, δ), the second part in z = k2 ∈ (1− δ, 1) and
the function ϕ′ and χ′ are bounded on these intervals. As αδ and Mδ are uniformly bounded with
respect to δ, see (4.11), and as 1

ν2(δ)−ν1(δ) ≤
1
δ , we can thus bound

|QC(0)| ≤ C
∑
ℓ̸=0

1

δ2

∫ √
δ

0
|Cℓ(k)|2K(k)kdk + C

∑
ℓ̸=0

δ2

δ

∫ 1

√
1−δ

|Cℓ(k)|2K(k)kdk.

We have the expressions 2.9, (2.7) and the asymptotics (see for example [16, Proposition 7.1] and
the references therein):∣∣∣∣∣∣∣

K(k) ∼ π

2

Å
1 +

1

4
k2
ã
, k → 0

K(k) ∼ −1

2
log(1− k) k → 1

and

∣∣∣∣∣∣∣∣
q(k) ∼ k2

16
k → 0

q(k) ∼ 1 +
π2

log(1− k)
k → 1.

As q < 1, we have 1
1−q2|n| ≤

1
1−q2 and thus, we deduce that

∑
ℓ̸=0

|C◦
ℓ (k)|2 ≤

C

K(k)4[1− q(k)2]

∑
n>1

n2q(k)2n ≤ C
q(k)2

K(k)4[1− q(k)2]4
≤ C

ß
k4 k → 0,
1 k → 1,

(4.30)

for some numerical constants C. Hence we can bound

(4.31) |QC(0)| ≤ C
1

δ2

∫ √
δ

0
k5dk + Cδ

∫ 1

√
1−δ

| log(1− k)|kdk ≤ δ
1
2 ,

for some constants C independent of δ.

We thus get from (4.31) and (4.29) that

|“KC(γ)| ≤ δ
1
2 , |γ| ≤ δ10.

Therefore, for δ sufficiently small, 1− “KC(γ) cannot vanish for |γ| ≤ δ10.
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It remains to study |γ| ≥ δ10.We shall prove that ImKC does not vanish in this range of parameter.
Let us start from (4.27) valid for τ < 0, by changing variable to k (thus by using again (4.6) for
M = 1) we obtain:

Im K̂C(ξ) = − 1

M
1
2
δ

∑
ℓ̸=0

∫ 1

0
Ψ′
δ(k

2)|Cℓ(k)|2τℓ
1

[γ − ℓω(k)]2 + τ2
kdk

and thus

Im K̂C(0) = lim
τ→0−

1

M
1
2
δ

∑
ℓ̸=0

∫ 1

0
[−Ψ′

δ(k
2)]|Cℓ(k)|2τℓ

1

[γ − ℓω(k)]2 + τ2
kdk.

By symmetry in ℓ in the sum, we can only consider the case γ > 0. We first prove that the sum
for negative ℓ does not contribute to the limit. Indeed, we have for ℓ < 0, since ω is a nonnegative
function that γ − ℓω(a) > γ and thus 1

[γ−ℓω(k)]2+τ2 ≤ 1
γ2
. Hence we can bound as∣∣∣∣∣∣∑ℓ<0

∫ 1

0
−Ψ′

δ(k
2)|C◦

ℓ (k)|2τℓ
1

[γ − ℓω(k)]2 + τ2
kdk

∣∣∣∣∣∣
≤ |τ |
γ2

∫ 1

0
Ψ′
δ(k

2)

(∑
ℓ<0

|ℓ|C◦
ℓ (k)|2

)
kdk ≤ Cδ|τ |

for some Cδ > 0 depending on δ by using again the smoothness and decay of the Cℓ on the support
of Ψ′

δ, the estimate (4.14) and the fact that we now consider the case γ ≥ δ10. Consequently the
left-hand side goes to zero when τ tends to zero. We thus obtain that

(4.32) Im K̂C(0) = lim
τ→0−

1

M
1
2
δ

∑
ℓ>0

∫ 1

0
[−Ψ′

δ(k
2)]|C◦

ℓ (k)|2τℓ
1

[γ − ℓω(k)]2 + τ2
kdk

Note that in the right hand side, we now have a sum of nonpositive terms. So that, we only need to
find in the sum one term which has a strictly negative limit when τ tends to zero. By construction,
thanks to (4.8) and (4.10), we have that Ψ′

δ < 0 for k2 ∈ [ν1(δ), ν2(δ)]. Thanks to (2.5),

ω : k ∈
ï
(1− δ

2
)
1
2 , (1− 2e−

1
δ20 )

1
2

ò
→ [cδ, dδ]

is a strictly decreasing diffeomorphism. By using [16, Proposition 7.1] (see also formula 900.05 of
[9]), we have

ω(k) = − π

log(1− k)

[
1 +O(1− k)

]
, when k → 1,

so that we get1:

(4.33) cδ ∼ πδ20, dδ ∼ − π

log δ
.

Our goal is to be able to find for every γ ≥ δ10 an even integer ℓ∗ = 2p∗ ≥ 2 such that γ/ℓ∗ ∈ [cδ, dδ].
Since this is equivalent to ℓ∗ ∈ [γ/dδ, γ/cδ], this is possible as soon as the length of this interval
which is γ(1/cδ − 1/dδ) is bigger than 2. Since we are in the regime γ ≥ δ10 this length is always
bigger than Lδ = δ10(1/cδ − 1/dδ) which depends only on δ. Thanks to (4.33) we have that
limδ→0 Lδ = +∞ and thus we take δ sufficiently small so that Lδ ≥ 2.

We thus now fix ℓ∗ = 2p∗ ≥ 2 (which depends on γ and δ) so that γ/ℓ∗ ∈ [cδ, dδ]. This allows to

define v∗ ∈ [(1− δ
2)

1
2 , (1− 2e−

1
δ20 )

1
2 ] such that ω(v∗) = γ/ℓ∗. With this choice, we have Ψ′

δ(v
2
∗) < 0.

We have from (4.32) that

(4.34) Im K̂C(γ) ≤ lim
τ→0−

Lτ

1Here and in the sequel, we use A ≲ B for A ≤ CB where C is a constant independent of the varying parameters,
and similar convention for A ≳ B and A ∼ B
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where we set

Lτ =
1

M
1
2
δ

∫ 1

0
[−Ψ′

δ(k
2)]|Cℓ∗(k)|2

τ

ℓ∗

1

[ γℓ∗ − ω(k)]2 + ( τℓ∗ )
2
kdk.

Let us also set for notational convenience

F (k) = − 1

M
1
2
δ

Ψ′
δ(k

2))|Cℓ∗(k)|2k
1

ω′(k)
.

Note that since Cℓ∗ does not vanish thanks to (2.9) and ω′ < 0, we have that F (v∗) < 0. To
compute the limit, we then split

Lτ = F (v∗)

∫ 1

0

τ

ℓ∗

1

[ γℓ∗ − ω(k)]2 + ( τℓ∗ )
2
ω′(k) dk +Rτ

where

Rτ =

∫ 1

0

τ

ℓ∗

[
F (k)− F (v∗)

] 1

[ γℓ∗ − ω(k)]2 + ( τℓ∗ )
2
ω′(k) dk.

By taking ω as a new variable, we get∫ 1

0

τ

ℓ∗

1

[ γℓ∗ − ω(k)]2 + ( τℓ∗ )
2
ω′(k) dk =

∫ ω(0)

0

∣∣∣∣ τℓ∗
∣∣∣∣ 1

[ω(v∗)− ω(k)]2 +
∣∣∣ τℓ∗ ∣∣∣2 dω

= arctan

Ñ
ω(0)− ω∗∣∣∣ τℓ∗ ∣∣∣

é
− arctan

Ñ
−ω∗∣∣∣ τℓ∗ ∣∣∣
é

−−−−→
τ→0−

π.

To estimate Rτ , we use that F is smooth and that ω′ does not vanish on the support of F , this
yields

|F (k)− F (v∗)| ≤ Cδ|k − v∗| ≤ Cδ

∣∣∣∣ω(k)− γ

ℓ∗

∣∣∣∣ , ∀k ∈ Supp Ψ′
δ.

Therefore, by taking again ω as new variable, we obtain

|Rτ | ≤ Cδ

∫ ω(0)

0

∣∣∣∣ τℓ∗
∣∣∣∣ ∣∣∣∣ω − γ

ℓ∗

∣∣∣∣ 1

(ω − γ
ℓ∗
)2 +

∣∣∣ τℓ∗ ∣∣∣2 dω ≤ Cδ

∣∣∣∣ τℓ∗
∣∣∣∣ 12 ∫ ω(0)

0

1∣∣∣ω − γ
ℓ∗

∣∣∣ 12 dω −−−−→
τ→0−

0.

We have thus established that
lim
τ→0−

Lτ = πF (v∗) < 0

so that Im K̂C(γ) cannot vanish thanks to (4.34).

□

5. Proof of Theorem 1.3

We will now start the proof of Theorem 1.3. Note that for the Vlasov HMF model, the global
existence of a smooth solution is trivial. The main difficulty is to estimate the solution. We first
fix

(5.1) 0 < κ0 <
1

4
κ0

and we shall always work on an interval of time where f − ηM0 is compactly supported in KM0

defined in (2.12). We consider µ > 0 sufficiently small such that [M0 − µ,M0 + µ] ⊂ I0, I0 given
by assumption 1.1 and such that for M ∈ [M0 − µ,M0 + µ], (2.13) holds and hence

(5.2) Supp GM ⊂ [−M,M0 − κ0], Supp G′
M ⊂ [−M0 + κ0,M0 − κ0]

thanks to the choice (5.1).

The first step is to use modulation theory to select in a well chosen dynamical way the magnetization
parameter of the steady state.
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5.1. Choice of the modulation parameter.

Lemma 5.1. For every M0 ∈ (M0 − µ,M0 + µ), there exists ρ0 > 0, C0 > 0 such that for every
f(x, v) ∈ C0(T× R) with ∥f − ηM0

∥C0 ≤ ρ0 and such that Supp f − ηM0
⊂ KM0, there exists a C1

maps f 7→Mf > 0 with

(5.3) |Mf −M0| ≤ C0∥f − ηM0
∥C0

such that

(5.4)

∫
T×[a−,a+]

[(
f − ηMf

)
◦ ΦMf

(θ, a)
]
C0,Mf

(a,Mf ) dθda = 0

where [a−, a+].

Note that the condition (5.4) can be seen as an orthogonality condition in L2
a between the angle

average
∫
T (f − ηM )◦ΦM (θ, a)dθ and CM,0(a) which is the angle average of the function cosxM (θ, a)

(see (2.16)).

Proof. As usual the proof is based on the Implicit Function Theorem. We set f = ηM0
+ g and

consider

F (g,M) =

∫
T×[a−,a+]

îÄ
ηM0

− ηM + g
ä
◦ ΦM (θ, a)

ó
C0,M (a) dθda.

We observe that F (0,M0) = 0 and that F defined on U × I (where U is an open vicinity of zero
in the Banach space of C0 functions compactly supported in KM0 and I is a small open interval
containing M0) is a C1 function thanks to Lemma 2.1. Indeed, switching back to (x, v) = ΦM (θ, a)
which is symplectic, we can rewrite

F (g,M) =

∫
K0

î
ηM0

(x, v)− ηM (x, v) + g(x, v)
ó
C0,M

(
aM (x, v)

)
dxdv

and we see on this expression that F is actually smooth.

We then obtain from the original definition that

∂MF (0,M0) = −
∫
T×[a−,a+]

Å
∂ηM
∂M

ã
|M=M0

◦ ΦM0
(θ, a)C0,M0

(a)dθda.

Next, by using that ηM (x, v) = GM (hM (x, v)), we obtain that

(5.5)

Å
∂ηM
∂M

ã
|M=M0

=

Å
∂GM
∂M

ã
|M=M0

◦HM0
(a)−

Ä
G′
M0

◦HM0
(a)
ä
cosx

so that

(5.6) ∂MF (0,M0) =

−
∫
T×[a−,a+]

®ñÅ
∂GM
∂M

ã
|M=M0

◦HM0
(a)

ô
C0,M0

(a)−G′
M0

◦HM0
(a)C0,M0

(a)2
´
dθda

by using the Fourier series expansion (2.16).

Next, since for every M ∈ I0 given by (1.1), we have

M =

∫
T×R

ηM (x, v) cosx dxdv

we can differentiate with respect to M to get that

1 =

∫
T×R

Å
∂ηM
∂M

ã
|M=M0

(x, v) cosx dxdv.
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Next, by using again (5.5) and by making the symplectic change of variable (x, v) = ΦM0(θ, a), we
get that

1 =

∫
T×[a−,a+]

ñÅ
∂GM
∂M

ã
|M=M0

◦HM0
(a)

ô
C0,M0

(a) dθda

−
∫
T×[a−,a+]

Ä
G′
M0

◦HM0
(a)
ä
(cosxM0

(θ, a))2 dθda.

By plugging this identity into (5.6), we thus obtain that

∂MF (0,M0) = −
(
1 +

∫
T×[a−,a+]

Ä
G′
M0

◦HM0
(a)
ä Ä

(cosxM0
(θ, a))2 − C0,M0

(a)2
ä
dθda

)
= −

(
1 +

∑
ℓ̸=0

∫
T×[a−,a+]

Ä
G′
M0

◦HM0
(a)
ä)

|Cℓ,M0
(a)|2 da.

By using the computations in section 4.2, in particular, (4.20), (4.23), we obtain that

∂MF (0,M0) = −
(
1 +QC,M0

(0)
)
= −(1− “KC [ηM0

](0)) ̸= 0

thanks to the Penrose criterion, where QC,M0
(0) := QC [Ψδ(M0)

(k2)](0) is defined in (4.13).

The statement then follows from the Implicit Function Theorem. □

5.2. Initialisation and bootstrap set up. Assuming that ε0 is smaller than ρ0, we can use
Lemma 5.1 at the initial time. We can thus write

f0(x, v) = ηMf0
+R0(x, v)

where R0 and Mf0 are now such that

(5.7)

∫
T×[a−,a+]

Ä
R0 ◦ ΦMf0

ä
C0,Mf0

dθda = 0 and |Mf0 −M0| ≤ C0ε.

For ε0 sufficiently small this yields thanks to (5.1) that R0 is compactly supported in K0 (we shall
give more justification for this in the end of Section 5.10 this is why we do not reproduce it here)
and that for some R0 > 0, we have

(5.8) ∥R0∥
Hσ+1 ≤ R0ε.

We can thus define for the solution f(t) of (1.1),

(5.9) T ∗ = sup
{
T ≥ 0, such that |Mf(t) −M0| ≤ 2C0ε,

∥f(t)− ηMf(t)
∥C0 ≤ ρ0, f − ηM0 supported in KM0

}
.

By continuity and thanks to Lemma 5.1, we have that T ∗ > 0 and for every t ∈ [0, T ∗), we can set

(5.10) f(t, x, v) = ηM(t) +R(t, x, v), M(t) :=Mf(t),

where R(t) is compactly supported in KM0 and such that

(5.11)

∫
T×[a−,a+]

(
R(t, ·) ◦ ΦM(t)

)
C0,M(t) dθda = 0.

We shall set

(5.12) M(t) =M0 + εm(t), R(t) = εr(t), t ∈ [0, T ∗)

and ζ(t) = C[r](t) so that thanks to (5.10), we have

(5.13) C[f ](t) =M(t) + εζ(t) =M0 + εm(t) + εζ(t).

Note that initially, we have thanks to (5.8), (5.2), we have that

(5.14) |m(0)| ≤ 2C0, ∥r(0)∥Hσ+1 ≤ R0.
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Plugging the expansions (5.10), (5.12) into (1.1), we get that r solves

(5.15) ṁ∂Mη + ∂tr + {r, hM}x,v − ζ{ηM , cosx}x,v − εζ{r, cosx}x,v = 0.

5.3. Perturbation equations. Let us define

(5.16) g̃(t, θ, a) = r(t, ·) ◦ ΦM(t)(θ, a).

Proposition 5.2. For t ∈ [0, T ∗), there exists an hamiltonian KM (θ, a) analytic in KM0 such that
g̃(t, θ, a) solves the following equation

(5.17) ∂tg̃ + {g̃, HM(t)(a)}θ,a − ζ(t){ΓM(t), cosxM(t)}θ,a − εζ(t){g̃, cosxM(t)}θ,a
= εṁ{g̃,KM(t)}θ,a − ṁΓ1

M ,

where we have set

(5.18)

∣∣∣∣ ΓM (a) = GM ◦HM (a),
Γ1
M (θ, a) = (∂MGM ) ◦HM − cosxMG

′
M ◦HM .

Moreover, we can express ζ as

(5.19) ζ(t) =

∫
θ,a
g̃(t, θ, a) cosxM(t)(θ, a) dθda

and the constraint (5.11) becomes

(5.20)

∫
T×[a−,a+]

g̃(t, θ, a)C0,M(t) dθda = 0

Note that by using (2.4), we further have that

{g̃, HM(t)(a)}θ,a = ωM(t)(a)∂θg̃.

We also observe that thanks to (5.20), we have

(5.21) ζ(t) =

∫
θ,a
g̃(t, θ, a)CM(t)(θ, a) dθda

where

(5.22) CM(t)(θ, a) = cosxM(t)(θ, a)− C0,M(t)(a) =
∑
ℓ̸=0

Cℓ,M(t)(a)e
iℓθ.

Proof. Since the change of variable (x, v) = ΦM(t)(θ, a) is symplectic, we deduce from the definition
(5.16) and (5.15) that

ṁ(∂Mη) ◦ ΦMt + (∂tr) ◦ ΦMt + {g̃, HMt}θ,a − ζ{ΓMt , cosxMt}θ,a − εζ{g̃, cosxMt}θ,a = 0.

Next, we observe that since ηM (x, v) = GM (hM (x, v)), we have

(∂Mη) ◦ ΦM = (∂MGM ) ◦HM − cosxMG
′
M ◦HM = Γ1

M

and that

(5.23) (∂tr(t, ·)) ◦ ΦM = ∂tg̃ − Ṁ(t)∂MΦM(t) · ∇x,vr(t, ·) ◦ ΦM
= ∂tg̃ − Ṁ(t)

[
XM(t) · ∇x,vr(t, ·)

]
◦ ΦM(t)

where the vector field XM (x, v) is defined for M ∈ [M0 − µ,M0 + µ] by

XM (ΦM (θ, a)) = ∂MΦM (θ, a).

We then observe that there exists an analytic K̃M defined in KM0 such that for all function f ,

(5.24) XM · ∇x,vf = {f, K̃M}x,v.
Indeed, this follows from general symplectic geometry argument. Since ΦM is symplectic, we have
for every M ∈ [M0 − µ,M0 + µ]

Φ∗
M (dx ∧ dv) = dθ ∧ da,
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taking the derivative with respect to M , we get by definition of XM that Φ∗
M

[
LXM (dx ∧ dv)

]
= 0

where LX stands for the Lie derivative. Therefore we have LXM (dx∧dv) = 0. By using the Cartan
formula, we then get that

0 = LXM (dx ∧ dv) = d(iXM (dx ∧ dv)) + iXMd(dx ∧ dv) = d(iXM (dx ∧ dv)),

where iX denote the interior product. The one form iXM (dx ∧ dv) is thus closed and thus one can

find K̃M defined in KM0 up to a constant so that

iXM (dx ∧ dv) = dK̃M .

This is equivalent to {φ, K̃M}x,v = XM · ∇x,vφ for every φ.

Consequently, we can use (5.24), (5.23) and again that ΦM is symplectic to obtain that

[∂tr(t, ·)] ◦ ΦM = ∂tg̃ − Ṁ(t){g̃, K̃M ◦ ΦM(t)}θ,a.

We then conclude by setting KM (θ, a) = K̃M ◦ ΦM . The expression (5.19), just follows from the
definition ζ(t) = C[r] and a change of variable. The property (5.20) also follows from (5.11) and a
change of variable.

Note that in the case that ΦM is given by a generator function S(x, a,M) such that v = ∂xS(x, a,M),
θ = ∂aS(x, a,M), which is the case for the simple pendulum, we can express, up to a constant,
KM in terms of S by

KM (θ, a) = ∂MS(xM (θ, a), a,M),

we refer to [2] for example. This expression is another way to see the analyticity of KM since the
generator function is analytic in the case of the pendulum. □

We shall then derive a perturbation equation in twisted coordinates along the characteristics of the
modulated free transport ∂t + ωM(t)∂θ. It is convenient to use the notations

(5.25) Θ+
t (θ, a) = θ +

∫ t

0
ωM(s)(a) ds, P+

t (θ, a) = (Θ+
t , a).

which corresponds to the characteristics of the transport operator ∂t + ωM(t)∂θ. We then set

(5.26) g(t, θ, a) = g̃
(
t, P+

t (θ, a)
)
= r
(
t,ΦM(t) ◦ P+

t (θ, a)
)
.

We shall also use

Θ−
t (θ, a) = θ −

∫ t

0
ωM(s)(a) ds, P−

t (θ, a) = (Θ−
t , a)

so that

P+
t ◦ P−

t = P−
t ◦ P+

t = Id.

Since the change of variable (θ, a) 7→ P+
t is symplectic, we get that g solves

(5.27) ∂tg − ζ(t){ΓM(t), cosxM(t) ◦ P+
t }θ,a − εζ(t){g, cosxM(t) ◦ P+

t }θ,a
= εṁ{g,KM(t) ◦ P+

t }θ,a − ṁΓ1
M(t) ◦ P

+
t .

In terms of g, by a change of variable, the expression (5.19) becomes

(5.28) ζ(t) =

∫
θ,a
g(t, θ, a)CM(t) ◦ P+

t dθda

and (5.20)

(5.29)

∫
θ,a
g(t, θ, a)C0,M(t)(a) dθda = 0.
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5.4. Set up of the a priori estimates. We consider for t ∈ [0, T ∗), the quantity

(5.30) Qσ(T ) = sup
t∈[0,T ]

Å
⟨t⟩σ−1ζ(t) + ∥g(t)∥

Hσ−4 +
1

⟨t⟩3
∥g∥

Hσ

ã
.

Note that for t ∈ [0, T ∗), r is supported in KM0 so g is supported in T × [a−, a+] where the map
ΦM is analytic. We thus deduce from (5.14) that we have initially

(5.31) ∥g0∥
Hσ+1 ≤ C2R0

for some C2 > 0.

For some R sufficiently large to be chosen, we can thus consider

(5.32) T ε = sup{T ∈ (0, T ∗), Qσ(t) ≤ R, ∀t ∈ [0, T ]}.

5.5. Estimate of ṁ. Before turning to the estimate of Qσ, we shall use the constraint (5.29) to
estimate ṁ.

Proposition 5.3. For every R ≥ 1 in (5.32), there exists ε0 > 0 such that for every ε ∈ (0, ε0],
we have for every t ∈ [0, T ε),

|ṁ(t)| ≤ CRε |ζ(t)|
⟨t⟩σ−4

≤ CR2ε
1

⟨t⟩2σ−5
.

Note that as a consequence of the above estimate, by setting Mε =M0 + εm(Tε), we get that

(5.33) |Mε −M(t)| ≲ R2ε2

⟨t⟩2σ−6
.

Proof. By multiplying (5.27) by C0,M(t)(a), integrating in θ, a and using the orthogonality condition
(5.29), we get that

(5.34) ṁ

∫
θ,a

Γ1
M(t) ◦ P

+
t C0,M(t)(a) dθda = −εṁ

∫
θ,a

{g,KM(t) ◦ P+
t }θ,aC0,M(t) dθda

− εζ(t)

∫
θ,a

{g, cosxM(t) ◦ P+
t }θ,aC0,M(t) dθda− εṁ

∫
θ,a
g ∂MC0,M(t) dθda,

where we have used that by change of variable and integration by parts in θ,∫
θ,a

{ΓM(t), cosxM(t) ◦ P+
t }θ,aC0,M(t)(a) dθda =

∫
θ,a

{ΓM(t), cosxM(t)}θ,aC0,M(t)(a) dθda = 0.

Next, we observe that thanks to (5.18)∫
θ,a

Γ1
M(t) ◦P

+
t C0,M(t)(a) dθda =

∫
a
(∂MGM )◦HMC0,M da−

∫
θ,a

cosxM ◦P+
t G

′
M (HM )C0,M dθda

=

∫
a
(∂MGM ) ◦HMC0,M da−

∫
θ,a
G′
M (HM )C2

0,M dθda.

This is exactly the expression in (5.6), taken at M , we thus further get that∫
θ,a

Γ1
M(t) ◦ P

+
t C0,M(t)(a) dθda = 1 +QC,M(t)(0)

which does not vanish thanks to (H3), and where QC,M (t) := QC [Ψδ(M0)
(k2)](t) is defined in (4.23).

This yields that for t ≤ T ε, we have

(5.35)
∣∣∣ ∫

θ,a
Γ1
M(t) ◦ P

+
t C0,M(t)(a) dθda

∣∣∣ ≥ c0 > 0.

Next, we estimate the right-hand side of (5.34). We first have

(5.36)
∣∣∣εṁ ∫

θ,a
g ∂MC0,M(t) dθda

∣∣∣ ≤ ε|ṁ|∥g∥
L2 ≤ ε|ṁ|R.
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Next, we observe that∫
θ,a

{g, cosxM(t) ◦ P+
t }θ,aC0,M(t) dθda =

∫
θ,a
g{cosxM(t) ◦ P+

t , C0,M(t)}θ,adθda

=

∫
θ,a
g{cosxM(t) , C0,M(t)}θ,a ◦ P+

t dθda =

∫
θ,a
g φ ◦ P+

t dθda

where we have set

φ(θ, a) =
{
cosxM(t) , C0,M(t)

}
θ,a

= ∂θ cosxM(t)C
′
0,M(t).

Since
∫
θ φ(θ, a) dθ = 0, we thus get from Corollary 3.2 that

(5.37)
∣∣∣ ∫

θ,a
{g, cosxM(t) ◦ P+

t }θ,aC0,M(t) dθda
∣∣∣ ≲ 1

⟨t⟩σ−4
∥g(t)∥

Hσ−4 ≲
R

⟨t⟩σ−4
.

Finally, since∫
θ,a

{g,KM(t) ◦ P+
t }θ,aC0,M(t) dθda =

∫
θ,a
g {KM(t), C0,M(t)}θ,a ◦ P+

t dθda,

we have

(5.38)
∣∣∣ ∫

θ,a
{g,KM(t) ◦ P+

t }θ,aC0,M(t) dθda
∣∣∣ ≲ R.

We thus get from (5.34) and (5.35), (5.36), (5.37), (5.38), that

|ṁ| ≲ εR|ṁ|+ εR |ζ(t)|
⟨t⟩σ−4

.

We thus conclude assuming that εR is sufficiently small.

□

5.6. Evolution of ζ. By integrating in time (5.27) and by using the definition of ζ in (5.28), we
get that

(5.39) ζ(t) =

∫ t

0
ζ(s)

∫
θ,a

ΓM(s){cosxM(s) ◦ P+
s , CM(t) ◦ P+

t }dθda ds+ F(t)

where

(5.40) F(t) = −ε
∫ t

0
ζ(s)

∫
θ,a
g(s){cosxM(s) ◦ P+

s , CM(t) ◦ P+
t }dθda ds

+ ε

∫ t

0
ṁ(s)

∫
θ,a
g(s){KM(s) ◦ P+

s , CM(t) ◦ P+
t }dθda ds−

∫ t

0
ṁ

∫
θ,a

{Γ1
M(s) ◦ P

+
s , CM(t) ◦ P+

t }dθda ds

+

∫
θ,a
g0(θ, a)CM(t) ◦ P+

t dθda.

Note that since ΓM depends only on a the first term in the right-hand side of (5.39) can be written∫ t

0
ζ(s)

∫
θ,a

ΓM(s){cosxM(s) ◦ P+
s , CM(t) ◦ P+

t }dθda ds

=

∫ t

0
ζ(s)

∫
θ,a

ΓM(s){cosxM(s), CM(t) ◦ (P+
t P

−
s )}dθda ds =

∫ t

0
ζ(s)G(t, s) ds

where the kernel G is given by

(5.41) G(t, s) =
∫
θ,a

ΓM(s){cosxM(s), CM(t) ◦ (P+
t P

−
s )}dθda.

We can thus rewrite (5.39) as

(5.42) ζ(t) =

∫ t

0
G(t, s)ζ(s) + F(t).
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5.7. Linear estimates. In this section, we shall consider the equation (5.42) for any source term
F . The goal of this subsection is to prove the following:

Proposition 5.4. Consider the equation (5.42). For every L ≥ 0, there exist C > 0 and δ0 > 0
such that for every ε > 0 and every R ≥ 1, such that εR ≤ δ0, we have for every T ∈ [0, T ε) the
estimate

(5.43) sup
t∈[0,T ]

⟨t⟩L|ζ(t)| ≤ C sup
t∈[0,T ]

⟨t⟩L|F(t)|

As a starting point, by using Mε defined before (5.33), we can expand G defined in (5.41) as

(5.44) G(t, s) = G∞(t− s) + G1
r (t, s) + G2

r (t, s)

where

G∞(t− s) =

∫
θ,a

ΓMε{cosxMε , CMε ◦ P εt−s}dθda =

∫
θ,a

ΓMε{cosxMε , cosxMε ◦ P εt−s}dθda(5.45)

G1
r (t, s) =

∫
θ,a

(ΓM(s) − ΓMε){cosxM(s), CM(t) ◦ (P+
t P

−
s )}dθda(5.46)

+

∫
θ,a

ΓMε{cosxM(s) − cosxMε , CM(t) ◦ (P+
t P

−
s )}dθda

+

∫
θ,a

ΓMε{cosxMε , (CM(t) − CMε) ◦ (P+
t P

−
s )} dθda

G2
r (t, s) =

∫
θ,a

ΓMε{cosxMε , CMε ◦ (P+
t P

−
s )− CMε ◦ P εt−s} dθda(5.47)

and where we have set

(5.48) P ετ (θ, a) = (θ + τωMε(a), a).

In order to prove Proposition 5.4, we shall first study the linear Volterra equation

(5.49) ζ(t) =

∫ t

0
G∞(t− s)ζ(s) ds+ S(t), t ≥ 0

for a given source term S and then handle (5.42) perturbatively. The main result for (5.49) is the
following:

Lemma 5.5. For every S ∈ L∞(R+), there exists a unique solution ζ ∈ L∞(R+) of (5.49).
Moreover, for every L > 0, there exists C > 0 such that for every ε ∈ (0, ε0] and T ≥ 0, we have

(5.50) sup
t∈[0,T ]

⟨t⟩L|ζ(t)| ≤ C sup
t∈[0,T ]

⟨t⟩L|S(t)|.

Proof. We first observe that from (5.45), by using the symplectic change of variable (x, v) =
ΦMε(θ, a), we obtain that

G∞(t) =

∫
x,v
ηMε(x, v){cosx, cosX ◦ φtMε

}x,v dxdv = KC,Mε(t)

where φtMε
is the flow of the Hamiltonian hMε . The first part of the statement then follows from the

analysis of [16] Proposition 3.1, Lemma 3.2 and Corollary 3.3 i) for example. Indeed, for a smooth
stationary state, we always have that KC,Mε ∈ L1(R+) and thus the existence and uniqueness of a
bounded solution which satisfies

(5.51) ∥ζ∥
L∞ ≤ C∥S∥

L∞

follows from the Penrose condition and general properties of Volterra equation.
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To get (5.50), we can further use that ∇ηMε is compactly supported in KM0 . Indeed by using the
expansion (2.16), we can write

G∞(t) =
∑
k ̸=0

ik

∫
a
|Ck,Mε(a)|2Γ′(a)e−iktωMε (a) da

By using Lemma 3.1 we thus get that∣∣∣ ∫
a
|Ck,Mε(a)|2Γ′(a)e−iktωMε (a) da

∣∣∣ ≲ 1

⟨t⟩B
1

|k|B
∥Ck∥

2

HB(a−,a+)

and thus by the Bessel-Parseval identity that

|G∞(t)| ≲B
1

⟨t⟩B

for every B ≥ 1. This allows to easily get (5.50) by induction. Indeed, for L ≥ 1, we can write

tLζ(t) =

∫ t

0
G∞(t− s)sLζ(s) ds+ SL(t), SL(t) =

∫ t

0
G∞(t− s)(tL − sL)ζ(s) ds+ tLS(t).

We thus get

∥tLζ∥
L∞ ≲ ∥tLS∥

L∞ + sup
t≥0

∣∣∣ ∫ t

0
G∞(t− s)(tL − sL)ζ(s)ds

∣∣∣.
To conclude, we observe that

|G∞(t− s)(tL − sL)| ≲ 1

⟨t− s⟩B−1
((t− s)L−1 + sL−1)

and thus, for B sufficiently large, we have

sup
t≥0

∣∣∣ ∫ t

0
G∞(t− s)(tL − sL)ζ(s)ds

∣∣∣ ≲ ∥⟨t⟩L−1ζ∥
L∞ .

□

We are now in position to prove Proposition 5.4.

Proof. of Proposition 5.4. By using Lemma 5.5, we obtain that

(5.52) sup
t∈[0,T ]

⟨t⟩L|ζ(t)| ≲ sup
t∈[0,T ]

⟨t⟩L|S(t)|

where

(5.53) S(t) = F(t) +

∫ t

0
G1
r (t, s)ζ(s) ds+

∫ t

0
G2
r (t, s)ζ(s) ds

and Gir, i = 1, 2 are defined in (5.46), (5.47).

To conclude, we shall thus study the kernels Gir, i = 1, 2.

It is then convenient for any three functions F,G,H depending only on a and for l ̸= 0 to use the
notation

(5.54) Tℓ,s,t[F,G,H](a) = F (a)
(
− iℓ(G(a)H ′(a) +G′(a)H(a)) + ℓ2G(a)H(a)

∫ t

s
ω′
M(τ)(a) dτ

)
.

By using again the expansion (2.16), the above definition (5.54) and Mε defined in (5.33), we get
that

G1
r (t, s)ζ(s) = G1,1

r (t, s) + G1,2
r (t, s) + G1,3

r (t, s)

where using (3.1)

G1,1
r (t, s) =

∑
ℓ̸=0

∫
a
Tℓ,s,t[ΓM(s) − ΓMε , Cℓ,M(s), Cℓ,M(t)]e

iℓ
∫ t
s ωM(τ) da =

∑
ℓ̸=0

I[A1,ℓ, ωMε ]
(
ℓ(t− s)

)
,

A1,ℓ = Tℓ,s,t[ΓM(s) − ΓMε , Cℓ,M(s), Cℓ,M(t)]e
iℓ
∫ t
s (ωM(τ)−ωMε )dτ ,



DYNAMICS CLOSE TO INHOMOGENEOUS STATIONARY STATES OF THE VLASOV-HMF MODEL 27

G1,2
r (t, s) =

∑
ℓ̸=0

ℓ

∫
a
Tℓ,s,t[ΓMε , Cℓ,M(s) − Cℓ,Mε , Cℓ,M(t)]e

iℓ
∫ t
s (ωM(τ)dτ da =

∑
ℓ̸=0

I[A2,ℓ, ωMε ]
(
ℓ(t− s)

)
,

A2,ℓ = Tℓ,s,t[ΓMε , Cl,M(s) − Cℓ,Mε , Cℓ,M(t)]e
iℓ
∫ t
s (ωM(τ)−ωMε )dτ ,

G1,3
r (t, s) =

∑
ℓ̸=0

ℓ

∫
a
Tℓ,s,t[ΓMε , Cℓ,Mε , Cℓ,M(t) − Cℓ,Mε ]e

iℓ
∫ t
s (ωM(τ)dτ da =

∑
ℓ̸=0

I[A3,ℓ, ωMε ]
(
ℓ(t− s)

)
,

A3,ℓ = Tℓ,s,t[ΓMε , Cℓ,Mε , Cℓ,M(t) − Cℓ,Mε ]e
iℓ
∫ t
s (ωM(τ)−ωMε )dτ .

We can thus use again Lemma 3.1 to estimate the kernels G1,i
r . Note that by the smoothness of

cosxM with respect to (M, θ, a) in [M0 − µ,M0 + µ]× T× [a−, a+], which contains the support of
ΓM for every M ∈ [M0 − µ,M0 + µ], we have

sup
M∈[M0−µ,M0+µ]

∥Cℓ,M∥
WB,∞([a−,a+])

+ ∥∂MCℓ,M∥
WB,∞([a−,a+])

≲B,K
1

⟨ℓ⟩K

for every B and K.

Moreover, thanks to the smoothness of ω with respect to (M,a) in [M0 − µ,M0 + µ]× [a−, a+], we
have

sup
M∈[M0−µ,M0+µ]

∥∥∥∥∫ t

s
ωM(τ) dτ

∥∥∥∥
WB,∞([a−,a+])

≲B |t− s|,

and by using in addition (5.33), we also have that

sup
0≤s≤t≤T

∥∥∥eiℓ ∫ ts (ωM(τ)−ωMε )dτ
∥∥∥
WB,∞([a−,a+])

≲B ⟨l⟩B

where this last estimate does not involve T in the right hand side.

By combining these estimates, we easily obtain that

3∑
j=1

∥Aj,ℓ∥WB,∞([a−,a+])
≲B,K

⟨t− s⟩
⟨ℓ⟩K

sup
t∈[0,T ε]

|M(t)−Mε| ≲B,K
⟨t− s⟩
⟨ℓ⟩K

R2ε2

where the last estimate relies again on (5.33). This yields thanks to Lemma 3.1 and by choosing
K sufficiently large (K ≥ B + 3) that

|G1,i
r (t, s)| ≲B R2ε2

1

⟨t− s⟩B−1
, i = 1, 2, 3

for any B ≥ 1 which finally gives

(5.55) |G1
r (t, s)| ≲B R2ε2

1

⟨t− s⟩B−1
.

It remains G2
r . From similar computations as above, we get from (5.47) that

G2
r (t, s) =

∑
ℓ̸=0

∫
a
Γ′
Mε

(a)iℓ|Cℓ,Mε |2
(
eiℓ(

∫ t
s (ωM(τ)−ωMε ) dτ − 1

)
eiℓ(t−s)ωMε da

=
∑
ℓ̸=0

I[A4,ℓ, ωMε ]
(
ℓ(t− s)

)
where

A4,l = Γ′
Mε

(a)iℓ|Cℓ,Mε |2
(
eiℓ(

∫ t
s (ωM(τ)−ωMε ) dτ − 1

)
.

We shall use again Lemma 3.1. To estimate the amplitude, we observe that thanks to (5.33) and
again the regularity of ωM with respect to M , we have that for every α ≥ 0,∣∣∣ ∫ t

s
(∂αa ωM(τ) − ∂αa ωMε) dτ

∣∣∣ ≲α R2ε2
∫ t

s

1

⟨τ⟩2σ−3
≲ R2ε2.
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assuming that 2σ > 4. Therefore we have that∥∥∥eiℓ(∫ ts ωM(τ) dτ−(t−s)ωMε − 1
∥∥∥
WB,∞([a−,a+])

≲ ⟨ℓ⟩BR2ε2.

This allows to obtain from Lemma 3.1 by using similar arguments as above that∣∣I[A4,ℓ, ωMε ]
(
ℓ(t− s)

)∣∣ ≲ 1

⟨l⟩2
1

⟨t− s⟩B

and thus that

(5.56) |G2
r (t, s)| ≲B R2ε2

1

⟨t− s⟩B
.

We thus get from (5.52), (5.53) and (5.55), (5.56) that

sup
t∈[0,T ]

⟨t⟩L|ζ(t)| ≲ sup
t∈[0,T ]

⟨t⟩L|F(t)|+R2ε2 sup
t∈[0,T ]

Å
⟨t⟩L

∫ t

0

1

⟨t− s⟩B−1

1

⟨s⟩L
ds

ã
sup
t∈[0,T ]

⟨t⟩L|ζ(t)|.

Since we have for B sufficiently large (B ≥ L+ 2) that

⟨t⟩L
∫ t

0

1

⟨t− s⟩B−1

1

⟨s⟩L
ds ≲ 1,

we can get (5.43) assuming that Rε is sufficiently small. This ends the proof □

5.8. Estimate of ζ. We can now consider (5.42) with F given by (5.40). Our goal is to prove:

Proposition 5.6. There exists C0 > 0 and C > 0 such that for every ε ∈ (0, ε0], every T ∈ [0, T ε)
such that

(5.57) C0⟨T ⟩R2ε ≤ 1

2

we have

(5.58) MT,σ−1(ζ) ≤ C(R0 +R2ε),

where MT,s = supt∈[0,T ]⟨t⟩s|ζ(t)|.

Proof. From Proposition 5.4, we get that

(5.59) MT,σ−1(ζ) ≲ MT,σ−1(F),

we thus only need to estimate the right hand side.

By using (5.40), we can split F into

(5.60) F = F1 + F2 + Fm + FI
where

FI =
∫
θ,a
g0(θ, a)CM(t) ◦ P+

t dθda,(5.61)

Fm = −
∫ t

0
ṁ

∫
θ,a

{Γ1
M(s) ◦ P

+
s , CM(t) ◦ P+

t }dθda ds,(5.62)

F1 = −ε
∫ t

0
ζ(s)

∫
θ,a
g(s){cosxM(s) ◦ P+

s , CM(t) ◦ P+
t }dθda ds,(5.63)

F2 = ε

∫ t

0
ṁ(s)

∫
θ,a
g(s){KM(s) ◦ P+

s , CM(t) ◦ P+
t }dθda ds.(5.64)

By expanding into Fourier series, we have

FI(t) =
∑
ℓ̸=0

∫
a
g0ℓ (t, a)Cℓ,M(t)e

iℓ
∫ t
0 ωM(τ)dτ da =

∑
ℓ̸=0

I[g0ℓCℓ,Me
iℓ
∫ t
0 (ωM(τ)−ωMε ) dτ , ωMε ](ℓt).
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We can again use Lemma 3.1 to get by the same arguments as above that for ℓ ̸= 0,∣∣∣I[g0ℓCℓ,Meiℓ ∫ t0 (ωM(τ)−ωMε ) dτ , ωMε ](ℓt)
∣∣∣ ≲ 1

⟨t⟩σ−1
∥g0ℓ ∥Hσ−1

1

⟨ℓ⟩
and hence, we obtain by Cauchy-Schwarz that

(5.65) MT,σ−1(FI) ≲ ∥g0∥
Hσ−1 ≲ R0.

In a similar way, by denoting Dℓ,M (a) the Fourier coefficients in θ of the smooth, real and compactly
supported in [a−, a+] function Γ1

M (θ, a), we can write by using again the notation (5.54) that

Fm(t) =
∫ t

0
ṁ(s)

∑
ℓ̸=0

Tℓ,s,t[1, Dℓ,M(s), Cℓ,M(t)]e
iℓ
∫ t
s ωM(τ) dτ ds =

∫ t

0
ṁ(s)

∑
ℓ̸=0

I[Aℓ, ωMε ]
(
ℓ(t− s)

)
where we have set

Aℓ = Tℓ,s,t[1, Dℓ,M(s), Cℓ,M(t)]e
iℓ
∫ t
s (ωM(τ)−ωMε ) dτ .

We can thus use again Lemma 3.1 to get∣∣I[Aℓ, ωMε ]
(
ℓ(t− s)

)∣∣ ≲B
1

⟨ℓ⟩2
1

⟨t− s⟩B

with B arbitrarily large and hence that

|Fm(t)| ≲
∫ t

0
|ṁ(s)| 1

⟨t− s⟩B
ds ≲ R2ε

∫ t

0

1

⟨s⟩2σ−5

1

⟨t− s⟩B
ds

where we have used Proposition 5.3 for the last estimate. By taking B sufficiently large, this yields

(5.66) MT,σ−1(Fm) ≲ R2ε.

It remains to estimate Fi, i = 1, 2.

These are the crucial terms where echoes arise. We start with F1 which is the most difficult term.
By expanding again in Fourier series, we can write

F1(t) = −ε
∫ t

0
ζ(s)

∑
ℓ̸=0, k

∫
a
gk+ℓ(s, a)A0

k,ℓe
iℓ
∫ t
0 ωM+ik

∫ s
0 ωM dads

where as usual gn stands for the Fourier coefficients of g in θ and we have set

A0
k,ℓ(t, s, a) = ikCM(s),kC

′
ℓ,M(t) − ilC ′

k,M(s)Cℓ,M(t) − kℓCk,M(s)Cℓ,M(t)

∫ t

s
ω′
M(τ).

By using Mε defined just before (5.33), we then write

(5.67) F1(t) =
∑
ℓ̸=0, k

Jk,ℓ(t)

where

Jk,ℓ(t) = −ε
∫ t

0
ζ(s)

∫
a
gk+ℓ(s, a)Ak,ℓe

i(ℓt+ks)ωMε dads = −ε
∫ t

0
ζ(s)I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks) ds

and

Ak,ℓ(t, s, a) =

Å
ikCk,M(s)C

′
ℓ,M(t) − iℓC ′

k,M(s)Cℓ,M(t) − kℓCk,M(s)Cℓ,M(t)

∫ t

s
ω′
M(τ)

ã
× eiℓ

∫ t
0 (ωM−ωMε ) dτ+ik

∫ s
0 (ωM−ωMε ) dτ .

We shall thus estimate MT,σ−1(Jk,ℓ) for ℓ ̸= 0.

By using again Lemma 3.1 and again thanks to the fast decay of the Fourier coefficients Cn,M , we
obtain for every p ≥ 0 and B ≥ 0 that

(5.68) |I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks)| ≲p,B

∥gk+ℓ(s)∥Hp

⟨ℓt+ ks⟩p
⟨t− s⟩

⟨ℓ⟩B⟨k⟩B
≲p,B

∥g(s)∥
Hp

⟨ℓt+ ks⟩p
⟨t− s⟩

⟨ℓ⟩B⟨k⟩B
.

Note that this estimate is uniform in t, s and k, ℓ.
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To estimate MT,σ−1(Jk,ℓ) for ℓ ̸= 0, we discuss according to the relative signs of ℓ and k.

• If ℓk ≥ 0 (which is equivalent to ℓk > 0 or k = 0).

We first use (5.68) with p = σ so that for t < T ε, we have

|I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks)| ≲B

∥g(s)∥
Hσ

⟨ℓt+ ks⟩σ
⟨t− s⟩

⟨ℓ⟩B⟨k⟩B
≲B R ⟨s⟩3

⟨t⟩σ−1

1

⟨ℓ⟩B⟨k⟩B

where for the last estimate, we have used that from our bootstrap assumption, we have for
t < T ε

∥g(s)∥
Hσ ≤ R⟨s⟩3.

Note that it is crucial for the argument that ℓ ̸= 0. We thus obtain that

(5.69) MT,σ−1(Jk,ℓ) ≲B εRMT,σ−1(ζ)
1

⟨ℓ⟩B⟨k⟩B

∫ t

0

1

⟨s⟩σ−4
ds ≲B εRMT,σ−1(ζ)

1

⟨ℓ⟩B⟨k⟩B

assuming that σ ≥ 6.

• If ℓk < 0.

We are in the regime where echoes are possible. Indeed if |k| > |ℓ|, for s = −ℓt/k, even
for large p, the right hand side of (5.68) behaves like (1 + ℓ

k )t which is very large for large
times except if ℓ = −k. We thus define

tk,ℓ =
t

2
min(− ℓ

k
, 1).

For s ≤ tk,ℓ, we use again (5.68) with p = σ, we obtain

|I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks)| ≲B R⟨s⟩3 1

⟨ℓ⟩B⟨k⟩B
⟨t− s⟩

⟨ℓt+ ks⟩σ

and we observe that for s ≤ tk,ℓ, we have

1

⟨ℓt+ ks⟩σ
≲

1

⟨t⟩σ
.

This yields as previously,

(5.70) ε
∣∣∣ ∫ tk,ℓ

0
ζ(s)I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks) ds

∣∣∣ ≲B εRMT,σ−1(ζ)
1

⟨ℓ⟩B⟨k⟩B

∫ tk,ℓ

0

1

⟨s⟩σ−4
ds

≲B εRMT,σ−1(ζ)
1

⟨ℓ⟩B⟨k⟩B
.

It remains s ≥ tk,ℓ For s ≥ tk,ℓ, we use (5.68) for p = σ − 4, this yields

|I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks)| ≲B

∥g(s)∥
Hσ−4

⟨ℓt+ ks⟩σ−4

⟨t− s⟩
⟨ℓ⟩B⟨k⟩B

≲B R ⟨t− s⟩
⟨ℓt+ ks⟩σ−4

1

⟨ℓ⟩B⟨k⟩B

where we have now used that for t < T ε, we have ∥g(t)∥
Hσ−4 ≤ R. Since k ̸= 0, we can use

that
1

⟨ℓt+ ks⟩σ−4
≲

1

⟨s−
∣∣∣kℓ ∣∣∣ t⟩σ−4

and that t− s ≤ t to obtain

|I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks)| ≲B
1

⟨ℓ⟩B⟨k⟩B
t

⟨s−
∣∣∣kℓ ∣∣∣ t⟩σ−4

.

Since we have |ζ(s)| ≤ R
⟨s⟩σ−1 , we get for s ≥ tk,ℓ that

(5.71) |ζ(s)| ≲ R
⟨t⟩σ−1

max

Ç
1,

∣∣∣∣kℓ
∣∣∣∣σ−1
å
.
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Gathering the previous estimates, we then obtain that

ε
∣∣∣ ∫ t

tk,ℓ

ζ(s)I[gk+ℓAk,ℓ, ωMε ](ℓt+ ks) ds
∣∣∣(5.72)

≲B εR⟨t⟩ 1

⟨t⟩σ−1
MT,σ−1(ζ)

1

⟨ℓ⟩B⟨k⟩B−σ+1

∫
R

1

⟨s−
∣∣∣kℓ ∣∣∣ t⟩σ−4

ds

≲B ⟨t⟩ 1

⟨t⟩σ−1
MT,σ−1(ζ)

1

⟨ℓ⟩B⟨k⟩B−σ+1

since σ > 5.

By combining (5.70) and (5.72), we thus get

(5.73) MT,σ−1(Jk,ℓ) ≲B εR⟨T ⟩MT,σ−1(ζ)
1

⟨ℓ⟩B⟨k⟩B−σ+1
.

Consequently, from (5.73), (5.69), we obtain by summing up on k, ℓ for B sufficiently large

(5.74) MT,σ−1(F1) ≲ εR⟨T ⟩MT,σ−1(ζ).

To end the proof of Proposition 5.6 it remains to estimate F2 defined in (5.64). The estimate
follows the lines of the one of F1 since the structure of F2 is very similar, we just replace ζ by
ṁ which has a faster decay and the Fourier coefficients of cosxM(s) by the Fourier coefficients of
KM(s) that we denote by Kℓ,M . Since KM is still a given function smooth on the support of g its
Fourier coefficients still enjoy fast decay. We can expand

(5.75) F2(t) =
∑
ℓ̸=0, k

‹Jk,ℓ(t)
where‹Jk,ℓ(t) = −ε

∫ t

0
ṁ(s)

∫
a
gk+ℓ(s, a)Ãk,ℓe

i(ℓt+ks)ωMε dads = −ε
∫ t

0
ṁ(s)I[gk+ℓ ‹Ak,ℓ, ωMε ](ℓt+ ks) ds

and‹Ak,ℓ(t, s, a) =

Å
ikKk,M(s)C

′
ℓ,M(t) − iℓK ′

k,M(s)Cℓ,M(t) − kℓKk,M(s)Cℓ,M(t)

∫ t

s
ω′
M(τ)

ã
× eiℓ

∫ t
0 (ωM−ωMε ) dτ+ik

∫ s
0 (ωM−ωMε ) dτ .

In order to estimate ṁ, we use Proposition 5.3. We can thus proceed exactly as in the estimate of
F1. The only slight difference is in the regime ℓk < 0 for s ≥ tk,ℓ. Indeed, by using Proposition 5.3,
assuming that 2σ − 4 ≥ σ we get instead of (5.71) that

|ṁ(s)| ≲ εR
⟨t⟩σ

max(1,

∣∣∣∣kℓ
∣∣∣∣σ)MT,σ−1(ζ).

This allows to avoid loosing the factor T in the final estimate. We finally obtain that

(5.76) MT,σ−1(F2) ≲ ε2R2MT,σ−1(ζ).

We end the proof of Proposition 5.6 by gathering (5.59), (5.60) and (5.65), (5.66), (5.74), (5.76).
This yields

MT,σ−1(ζ) ≤ C
(
R0 +R2ε) +R2ε⟨T ⟩MT,σ−1(ζ)

)
.

We conclude by taking CR2ε⟨T ⟩ ≤ 1/2.

□
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5.9. Energy estimates. We shall finally estimate the Sobolev norms of g namely ∥g∥
Hσ and

∥g∥
Hσ−4 .

Proposition 5.7. There exists C > 0 such that for every ε ∈ (0, ε0]), every T ∈ [0, T ε) satisfying
(5.57), we have the estimate

∥g(t)∥
Hσ−4 +

∥g(t)∥
Hσ

⟨t⟩3
≲ (R0 +R2ε)eCε(R0+εR2)

(
1 + εeCε(R0+εR2)(R0 + εR2)

)
.

Proof. We shall perform energy estimates on (5.27) that we rewrite under the form

∂tg − εζ(t){g, cosxM(t) ◦ P+
t }θ,a − εṁ{g,KM(t) ◦ P+

t }θ,a = Fg.

where

Fg = ζ(t){ΓM(t), cosxM(t) ◦ P+
t }θ,a − ṁΓ1

M(t) ◦ P
+
t .

For every p ≥ 0 and |α| ≤ p, we thus obtain that

∂t∂
αg − εζ(t){∂αg, cosxM(t) ◦ P+

t }θ,a − εṁ{∂αg,KM(t) ◦ P+
t }θ,a = Fg + Cp,g

where for p ≥ 1, the commutator Cp,g is given by

Cp,g =
∑

|β|<|α|

Cα,β
Ä
εζ(t){∂βg, ∂α−β(cosxM(t) ◦ P+

t )}θ,a + εṁ{∂βg, ∂α−β(KM(t) ◦ P+
t )}θ,a

ä
.

Since, g is compactly supported in T× [a−, a+], we have by integration by parts that∫
θ,a

{∂αg, cosxM(t) ◦ P+
t }θ,a∂αg dθda =

∫
θ,a

{∂αg,KM(t) ◦ P+
t }θ,a∂αg dθda = 0

and hence
d

dt
∥∂αg∥2

L2 ≲ ∥g∥
Hp ∥Cp,g∥L2 + ∥g∥

Hp ∥Fg∥W p,∞(T×[a−,a+])
.

Next, we observe that for every nonnegative k and ℓ, we have

(5.77) ∥∂ℓθ(cosxM(t) ◦ P+
t )∥

Wk,∞(T×[a−,a+])
+ ∥KM(t) ◦ P+

t ∥
Wk,∞(T×[a−,a+])

+ ∥Γ1
M(t) ◦ P

+
t ∥

Wk,∞(T×[a−,a+])
≲ ⟨t⟩k.

Since

Fg = −ζ(t)Γ′
M(t)∂θ[cosxM(t) ◦ P+

t ]− ṁΓ1
M(t) ◦ P

+
t ,

this yields by using (5.58) and Proposition 5.3

(5.78)
d

dt
∥∂αg∥2

L2 ≲ ∥g∥
Hp ∥Cp,g∥L2 + ∥g∥

Hp (R0 +R2ε)
⟨t⟩p

⟨t⟩σ−1
.

It remains to estimate Cp,g.

For p = σ − 4, we directly get that

∥Cσ−4,g∥L2 ≲ ε∥g∥
Hσ−4

[
|ζ(t)|∥ cosxM◦P+

t ∥
Wσ−3,∞(T×[a−,a+])

+|ṁ(t)|∥KM(t)◦P+
t ∥

Wσ−3,∞(T×[a−,a+])

]
≲ ε∥g∥

Hσ−4 (R0 + εR2)
1

⟨t⟩2
.

Therefore, we get from (5.78) that

d

dt
∥g(t)∥

Hσ−4 ≲ ε(R0 + εR2)
1

⟨t⟩2
∥g(t)∥

Hσ−4 + (R0 + εR2)
1

⟨t⟩3
.

This yields after integration

(5.79) ∥g(t)∥
Hσ−4 ≲ eCε(R0+εR2)(R0 + εR2).
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To estimate ∥g∥
Hσ , we use (5.78) for p = σ. To estimate the commutator, we use again (5.77) and

we single out in the sum the terms with |α| − 1 ≥ |β| ≥ |α| − 5, this yields

∥Cσ,g∥L2 ≲ ε
(
|ζ(t)|+ |ṁ(t)|

)[
∥g(t)∥

Hσ−4 ⟨t⟩σ+1 +
3∑

k=0

∥g(t)∥
Hσ−k ⟨t⟩k+2

]
.

From the interpolation inequality

∥g∥
Hσ−k ≲ ∥g∥

k
4

Hσ−4 ∥g∥
1− k

4

Hσ , 1 ≤ k ≤ 3,

we obtain

⟨t⟩k+2∥g∥
Hσ−k ≲

[
⟨t⟩6∥g∥

Hσ−4

] k
4
[
⟨t⟩2∥g∥1−

k
4

Hσ

]
, 1 ≤ k ≤ 3,

and hence from the Young inequality (and since σ ≥ 5), we obtain

∥Cσ,g∥L2 ≲ ε
(
|ζ(t)|+ |ṁ(t)|

)(
∥g(t)∥

Hσ−4 ⟨t⟩σ+1 + ∥g(t)∥
Hσ ⟨t⟩+2

)
.

We thus get from (5.78) and by using again (5.58) and Proposition 5.3 that

d

dt
∥g(t)∥

Hσ ≲ (R0 +R2ε)⟨t⟩2(1 + ε∥g(t)∥
Hσ−4) + ε(R0 +R2ε)

1

⟨t⟩σ−3
∥g(t)∥

Hσ .

By finally using (5.79), we get from the Gronwall inequality that

∥g(t)∥
Hσ ≲ (R0 +R2ε)eCε(R0+εR2)

(
1 + εeCε(R0+εR2)(R0 + εR2)

)
⟨t⟩3.

This ends the proof. □

5.10. End of the proof of Theorem 1.3. By gathering the results of Proposition 5.7 and Propo-
sition 5.6, we obtain that

Qσ(T ) ≤ C(R0 +R2ε)eCε(R0+εR2)
[
1 + εeCε(R0+εR2)(R0 + εR2)

]
for T ≤ T ε as long as (5.57) is satisfied and some harmless number C > 0. We thus fix R = 4R0C
and take ε sufficiently small to obtain that

Qσ(T ) ≤
R
2
.

By setting T0 =
1

2C0εR2 . We then deduce by a standard continuity argument that T ε = min(T ∗, T0)

for T ε defined in (5.32) and T ∗ in (5.9). We shall finally prove that T ∗ ≥ T0 to finish the proof.

From Proposition 5.3 and (5.2) we obtain for T ∈ (0,min(T ∗, T0))

(5.80) |M(t)−M0| ≤ |M(t)−M(0)|+ |M(0)−M0| ≤ C0ε+ CR2ε2 ≤ 3C0

2

by taking ε0 smaller. Moreover, thanks to (5.10), (5.12), (5.26), (5.16), we have

(f(t)− ηM(t)) ◦ ΦM(t) = εg(t) ◦ P−
t

and thus

∥f(t)− ηM(t)∥L∞ ≲ ε∥g∥
L∞ ≲ εR.

By using again (5.80), this yields

(5.81) ∥f(t)− ηM0∥L∞ ≲ ε+ εR+ ε2R2, T ∈
(
0,min(T ∗, T0)

)
.

Finally we can check our assumption on the support of f − ηM0 in the definition of T ∗. Since f
solves (1.1), we have by the method of characteristics

(5.82) f(t, x, v) = f0(Θ0,t(x, v))

where Θs,t = (Xs,t, Vs,t) are the backward characteristics solving∣∣∣∣ ∂sXs,t = Vs,t,
∂sVs,t = −C[f ](s) sinXs,t = −(M(s) + εζ(s)) sinXs,t
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with Θt,t(x, v) = (x, v). Let us set hs,t(x, v) = hM(s)[Θs,t(x, v)]. We get that

∂shs,t = −Ṁ(s) cos(Xs,t)− εζ(s)Vs,t sinXs,t

and thus we obtain

|∂shs,t| ≤
[
|Ṁ(s)|+ ε|ζ(s)|(1 + |M(s)|)

]
+ ε|ζ(s)||hs,t|.

By using again (5.58), and Proposition 5.3, we then find after integration in time that ys,t(x, v) =
|hs,t(x, v)− hM(t)(x, v)| satisfies

ys,t ≤ εΛR +

∫ t

s
ε|ζ(τ)|y(τ) dτ ≲ εΛR + εR sup

0≤s≤t
ys,t.

for some harmless number ΛR depending only on R. This yields for εR sufficiently small

ys,t(x, v) ≲ εΛR.

Note that this estimate is uniform in x, v and for 0 ≤ s ≤ t ≤ min(T ∗, T0). We have thus obtained
in particular that

|h0,t(x, v)− hM(t)(x, v)| ≲ εΛR.

By using again (5.80), we further get

|h0,t(x, v)− hM0(x, v)| ≲ εΛR.

In particular, for ε sufficiently small, we can ensure that

|h0,t(x, v)− hM0(x, v)| ≲ κ0

and thus, if hM0(x, v) ≥ M0 − 2κ0, h0,t(x, v) ≥ M0 − 3κ0 ≥ M0 − κ0. This yields using (5.82) and
the support assumption for the initial data and the stationary state that f(t, x, v) = 0. In a similar
way, if hM0(x, v) ≤ −M0 + 2κ0, we have h0,t(x, v) ≤ −M0 + κ0. Moreover, since

f(t, x, v)− ηM0(x, v) = ηM0(Θ0,t(x, v))− ηM0(x, v) + εr0(Θ0,t(x, v)),

we deduce by the support assumption for r0 that r0(Θ0,t(x, v)) = 0. Moreover, thanks to (H1),
ηM0 is constant in hM0 ≤ −M0 + κ0 and thus ηM0(Θ0,t(x, v)) − ηM0(x, v) = 0. This proves that
f(t, x, v)− ηM0(x, v) vanishes if hM0(x, v) ≤ −M0 + 2κ0.

Since we have now established that for t ∈ (0,min(T ∗, T0)), we have the estimates (5.81), (5.80)
and that f(t) − ηM0 is compactly supported in {−M0 + 2κ0 ≤ hM0 ≤ M0 − 2κ0} which is strictly
included in KM0 , we obtain by a standard continuity argument that for ε sufficiently small we must
have T ∗ ≥ T0. This ends the proof.
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[21] M. Hadžić and M. Schrecker. On quantitative linear gravitational relaxation. https://arxiv.org/abs/2505.14856,

2025.
[22] D. Han-Kwan, T. T. Nguyen, and F. Rousset. Asymptotic stability of equilibria for screened Vlasov-Poisson

systems via pointwise dispersive estimates. Ann. PDE, 7(2):Paper No. 18, 37, 2021.
[23] D. Han-Kwan, T. T. Nguyen, and F. Rousset. On the linearized Vlasov-Poisson system on the whole space

around stable homogeneous equilibria. Comm. Math. Phys., 387(3):1405–1440, 2021.
[24] L. Huang, Q.-H. Nguyen, and Y. Xu. Nonlinear Landau damping for the 2D Vlasov-Poisson system with massless

electrons around Penrose-stable equilibrium. SIAM J. Math. Anal., 57(2):1939–1963, 2025.
[25] A. Ionescu, B. Pausader, X. Wang, and K. Widmayer. Nonlinear landau damping and wave operators in sharp

gevrey spaces. arXiv:2405.04473, 2024.
[26] A. D. Ionescu, B. Pausader, X. Wang, and K. Widmayer. Nonlinear Landau damping for the Vlasov-Poisson

system in R3: the Poisson equilibrium. Ann. PDE, 10(1):Paper No. 2, 78, 2024.
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